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Abstract: Contrary to the classical wisdom, processes with independent 
values (defined properly) are much more diverse than white noises combined 
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Introduction 

The famous Brownian motion B = (i?t)tg[o,oo) is an especially remarkable 
bizarre random function. Various fine properties of Brownian sample paths have 
been investigated, but are beyond the scope of this survey. Stochastic differen- 
tial equations are a different (and maybe more important) way of using B; the 
stochastic differentials ABt are more relevant here than the Brownian path. The 
latter is rather an infinitely divisible reservoir of independent random variables. 
Of course, the path is not a differentiable function, but may be differentiated as 
a generalized function (Schwarz distribution), giving the white noise ^Bt- On 
the other hand, the Brownian motion may be thought of as the scaling limit (as 
n — !■ oo) of the random walk, 

V ) k/n ^ 

where ro,Ti,... are random signs (that is, i.i.d. random variables taking on 
two values ±1 with probabilities 1/2, 1/2). Accordingly, the white noise may be 
thought of as the scaling limit of the random locally integrable function (treated 
as a random Schwarz distribution) W^"^\ 

W/(")(t) = V^rfe forte(^,^); 

indeed, M^*^"^ converges in distribution (as n — > oo) to the white noise. This is a 
classical wisdom: the scaling limit of random signs is the white noise. Similarly, 
the scaling limit of a two-dimensional array of random signs is the white noise 
over the plane K^. These are examples of processes with independent values. 
Conceptually, nothing is simpler than independent values; but technically, they 
cannot be treated as random functions. 

A spectacular achievement of percolation theory (S. Smirnov, 2001) is exis- 
tence (and conformal invariance) of the scaling limit of critical site percolation 
on the triangular lattice (see for instance and references therein) . The model 
is based on a two-dimensional array of random signs (colors of vertices) . Does 
it mean that the scaling limit is driven by the white noise over the plane? No, 
it does not. The percolation model uses the random signs in a nonclassical 
way. However, the profound theory of percolation is only touched on in the last 



section, lit, of this survey. In order to understand the phenomenon of non- 
classicality we examine it on three levels of complexity: toy models (Sect. 
concentrated singularity (Sect. ||), distributed singularity (Sect. 0). Some of the 
examined models may be treated as scaling limits of oriented percolation. 
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Contrary to the classical wisdom, processes with independent values (defined 
properly) are much more diverse than white noises, Poisson point processes and 
their combinations, time derivatives of Levy processes. The Levy-Ito theorem 
does not lie; processes with independent increments are indeed exhausted by 
Brownian motions, Poisson processes and their combinations. The scope of the 
classical theory is limited by its treatment of independent values via independent 
increments belonging to M or another linear space (or commutative group). 

Nowadays, independent increments are investigated also in non-commutative 
groups and semigroups, consisting of homeomorphisms or more general maps 
(say, R ^ R), kernels (that is, maps from points to measures), bounded lin- 
ear operators in a Hilbert space, etc. These are relevant to stochastic flows. 
Some flows, being smooth enough, are strong solutions of stochastic differen- 
tial equations; these flows are classical. Other flows contain some singularities 
(turbulence, coalescence, stickiness, splitting etc.); these flows tend to be non- 
classical. They still are scaling limits of discrete models driven by random signs, 
but these signs are used in a nonclassical way. 

The intuitive idea of a process with independent values appeared to be deeper 
than its classical treatment. A general formalization of the idea is given in 
Sect. H. The distinction between classical and nonclassical is formalized in Sect. |^ 
by means of the concept of stability/sensitivity, framed for the discrete case by 
computer scientists and (in parallel) for the continuous case by probabilists. A 
model is classical if and only if all random variables are stable. See also Sect. |^ 
for an equivalent definition in terms of Levy processes. 

In discrete time, independence corresponds to the product of probability 
spaces. In continuous time, a process with independent values corresponds to 
a continuous product of probability spaces. The corresponding Hilbert spaces 
L2 of square integrable random variables form a continuous tensor product of 
Hilbert spaces. Such products are a notion well-known in analysis (the theory of 
operator algebras) and relevant to noncommutative probability (and quantum 
theory). A part of the (noncommutative) theory of such products has recently 
been in close contact with the (commutative) probability theory and is surveyed 
here (Sections |[ ^(d-g), 9d, 1^). The classical case is well-known as Fock spaces, 
or type / Arveson systems. The nonclassical case consists of Arveson systems 
of types // and ///. Their existence was revealed (in different terms) in 1987 
by R. Powers |^ (see also ||2^ and Chapter 13 of recent monograph by 
W. Arveson) while the corresponding probabilistic theory was in latency; the 
idea was discussed repeatedly by A. Vershik and J. Feldman, but the only pub- 
lication jl^ was far from revealing existence of nonclassical systems. The first 
nonclassical continuous product of probability spaces was published in 1998 |Q 
by A. Vershik and the author. (I was introduced to the topic by A. Vershik in 
1994.) 

The classical part is well understood in both setups (commutative and non- 
commutative), see Sect. ^. Some results on classical systems may be found there; 
however, this survey cannot be used as an introduction to classical systems. 
Levy-Khinchin-Ito theory, Fock spaces and their interrelations are covered else- 
where. About Arveson systems and their relevance to quantum theory see the 
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recent book by Arveson Q] . Sometimes the classical part is trivial, which is called 
'black noise' in the commutative setup and 'type IIP in the noncommutative 
setup. Nonsmooth stochastic flows, homogeneous in space and time, can lead to 
black noises, see Sect. ^ The interaction between noises theory and turbulence 
theory enriches both sides. 

Stochastic flows of unitary operators in a Hilbert space belong to commu- 
tative probability, but are closely connected with noncommutative probability. 
The connection is used in Sect. || for proving that such flows are classical. 

The 'classical/nonclassical' dichotomy is the starting point of a more detailed 
classification, see Sect. ^. 

Rich sources of examples for the noncommutative theory (type // and type 
///) are found by the commutative theory, see Sect. 

Hopefully this survey contributes to the interaction between the commuta- 
tive and the noncommutative. 

1. Singularity concentrated in time (toy models) 
la. Preliminaries: flows 

Independent increments are more interesting for us than values of a process {Xt) 
with independent increments. Thus we denote 

Xs,t ^Xt-Xs for s < i , 

use two properties 

(lal) Xr.t = Xr^s + Xs.t for r < s < t , 

(la2) Xti,t2,Xt2,t3, ■ ■ ■ , Xt^_^.t„ are independent for < i2 <■•■<*« , 

and discard Xt- A two-parameter family {Xs^t)s<t of random variables Xg^ 



— > M satisfying (lal), (la2) will be called an R-flow (or, more formally, a 
stochastic (K, -|-)-flow; here (M, is the additive group of real numbers). Why 
not just 'a flow in R' ? Since the latter is widely used for a family of random 
diffeomorphisms of M (or more general maps, kernels etc). On the other hand, M 
acts on itself by shifts {y ^ x + y), which justifies calHng {Xs^t)s<t a stochastic 
flow. Similarly we may consider G-flows for some other groups G (such as M", Z, 
Zm, T, see below). Often, indices s,t of Xs,t run over [0,oo) each, but any other 
linearly ordered set may be specified, if needed. Full generality is postponed to 
Sect. |. 



lb. Two examples 

Tracing nonclassical behavior to bare bones we get very simple models shown 
here. They may be discrete or continuous, this is a matter of taste. 

A stationary (not just 'with stationary increments') random walk (or Brow- 
nian motion) is impossible on such groups as Z or R, but possible on compact 
groups such as the finite cychc group Z^ = Z/mZ or the circle T = M/Z. 
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Discrete example 

We choose m G {2,3,...}, take the group Zm and introduce a Zm-flow X = 
{Xs,t)s<t;s.t£T over the thiie set T = {0, 1, 2, . . . }U{oo} (with the natural Unear 
order) as foUows: 

(Xs^oo)s=o,i,2,... is a random walk on Zm started according to the uniform 
distribution; 

Xs,t = Xt^oo — Xs.oo are its increments; Xg^s+i is or 1 with probabilities 
1/2,1/2. ' 

I claim that the flow X is both usual and strange. 

The flow X is usual in the sense that it is the limit of a sequence of very 
simple and natural Z„j-flows X*^"' — {xj^"f')s<t;s.teT constructed as follows: 



= 0) = 2 = ^ (^.r.+i = 1) for s = 0, . . . , n - 1 : 
P(xf"^=0) = l for s = n,n + l,... 



These conditions (together with (lal), (la2)) determine uniquely the joint dis 



(n) 

tribution of all X^^t for s,t G T, s < t. Namely, X). / may be thought of as 
increments of a random walk (in Z„i) stopped at the instant n. (Till now, Z 
could be used instead of Z^, but the next claim would be violated; indeed, 
■^o^oo would not be tight.) Random processes X^") converge in distribution 
(for n — > oo) to a random process X. (It means weak convergence of flnite- 
dimensional distributions, or equivalently, probability measures on the com- 
pact space (Zm)'f(*'*^^^^^-'*<*^, a product of countably many flnite topological 
spaces.) The limiting process X = {Xs^t)s<t;s,teT is again a Z„i-flow. 

The flow X is strange in several respects (in contrast to X'")). It is not 
stable, as explained in Sect. ^ below. It leads to unusual states of an infinite 
chain of quantum bits (spins), see Sect. It generates nonclassical continuous 
products, see Sections ||-^. Here is a rather informal discussion of the fiow X. 

The random variable Xq^oo, distributed uniformly on Z™, is independent 
of the whole finite-time part of the process, (Xs,t)s<t<oo- (The same holds 
for each Xt.oo separately, but surely not for Xq^oo — Xi ^o = -''^o,!-) There- 
fore Xq^oo is not a function of the i.i.d. sequence {Xtj+i)t<oc- A paradox! 
You may guess that an additional random variable Xoo-,oo, independent of all 
Xt^t+i, squeezes somehow through a gap between finite numbers and infinity. 
However, such an explanation does not work. It cannot happen that Xg^oo = 
fs{Xs^s+i,Xs+i,s+2, ■ ■ ■', Xoo-.oa) for all s. Here is a proof (sketch). Assume 
that it happens. The conditional distribution of Xq^oo given Xq^i, ■ ■ ■ ,Xs-i^s 
and Xoo-,oo is uniform on Zm, since 

Xo,oo = Xo,s + Xs,t + ft{Xt^t+l, Xt 

and the conditional distribution of Xs^t is nearly uniform for large t. Thus, Xq^oo 
is independent of Xq.Ii Xi,2, ■ ■ ■ and Xao-,oc] a contradiction. 
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We see that some flows cannot be locally parameterized by independent 
random variables. The group is essential; every Z-flow (or M-fiow, or R"-fiow) 
{Xs^t)s<t-s,KT can be locally parameterized by X^^g+i (s = 0, 1, . . . ) and Xoo-,oo 
= -''^o.oo — linife_»oo(-''^o,fc ^ Cfe) for appropriate centering constants ci, C2, . . . (see 
also Corollary |6a3| ). It is also essential that the time set T = {0, 1, 2, . . . } U {oo} 
contains a limit point (oo). Otherwise, say, for T = Z, every flow {Xs,t)s<t 
reduces to independent random variables Xg.s+i - Time reversal does not matter; 
the same phenomenon manifests itself for T = {—k : fc = 0, 1, . . . } U {—oo}, as 
well as T = {2"'^' : fc = 1, 2, . . . } U {0}, or just t = [0, oo), the latter being used 
below. 

Continuous example 

We take the group T = M/Z (the circle). For every e > we construct a T-flow 
rf"^) = (i^it^)s<t;s,te[o,oo) as follows: 

yjj^ = S(^ln^) - B(^ln^) (modi) for e < s < t < oo , 
Y^^t> =0 for t e [0, e] ; 

here {B{t))t G[o,oo) is the usual Brownian motion. These conditions determine 
uniquely the joint distribution of all y}1^ for s,t G [0, oo), s < t. Namely, 

y}^^ may be thought of as increments of a process, Brownian (on the circle) in 
logarithmic time after the instant e, but constant before e. Random processes 
converge in distribution (as e — > 0) to a random process Y (weak con- 
vergence of finite-dimensional distributions is meant), and the limiting process 
Y — (i^s,t)<,<(;s,tg[o,oo) is again a T-flow. The random variable i^o.ii distributed 
uniformly on T, is independent of all Yg^t for < s < t. We cannot locally 
parametrize Y by increments of a Brownian motion (and possibly an additional 
random variable 10,0+ independent of the Brownian motion). 

The one-parameter random process (i^o,cOteK is a stationary Brownian mo- 
tion in T. The complex-valued random process (^t)te[o,oo)i 

Zt = Vtc^'^'^°^* forte [0,oo) 
is a continuous martingale, and satisfies the stochastic differential equation 

dZt = ^Zt dBt, Zo = 0, 

where (i3t)te[o,oo) is the usual Brownian motion. However, the random variable 
Zi is independent of the whole Brownian motion (i?t). The weak solution of the 
stochastic differential equation is not a strong solution. See also 
[|0[ Sect. la]. 



49 , PJ, and 
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Ic. Stability and sensitivity 

Stability and sensitivity of Boolean functions of many Boolean variables were 
introduced in 1999 by Benjamini, Kalai and Schramm 1^ and applied to per- 
colation, random graphs etc. They introduce errors (perturbation) into a given 
Boolean array by flipping each Boolean variable with a small probability (inde- 
pendently of others) , and observe the effect of these errors by comparing the new 
(perturbed) value of a given Boolean function with its original (unperturbed) 
value. They prove that percolation is sensitive! Surprisingly, their 'stability' is 
basically the same as our 'classicality'. See also 



The Zm-Row X of Sect. Ilbl (denote it here by xS) contains i.i.d. random 
variables Xs^s+i that are Boolean in the sense that each one takes on two values 
and 1, with probabilities 1/2,1/2. However, Xo.oo is not a function of these 
(Boolean) variables. Here is a proper formalization of the idea. A pair of two 
correlated G-flows (one 'unperturbed', the other 'perturbed') is a (G x G)-flow; 
here G x G is the direct product, that is, the set of all pairs (ffi, 32) for 171, 172 £ 
G with the group operation (ffi, 52)(53, 54) = {9193,9294)- (For G = we 
prefer additive notation: (31,52) + (33,54) = (51 + 53,52 + 54) G Z„ ® Z^.) 
Let X = iXs,t)s<t;s,t£T be a (G X G)-flow; we have X^^t = {X'^.t,X'J^), that 
is, X = {X',X"), where X',X" are G-flows on the same probability space 



(O, J^, P). Note that (la2) constrains the pair, not just X' and X" separately. 
Let J^', T" be sub-cr-fields of T generated by X' , X" respectively. We introduce 
the maximal correlation 

Pmax(^) - Pmax(^', X") = p^U^' , T") = SUp |E {jg)\ , 

where the supremum is taken over all / e L-zi^, , P), 5 G L2{fl,J-",P) such 
that E/ = 0, E5 = 0, Var/ < 1, Varg < 1. The idea of a (non-degenerate) 
perturbation of a flow may be formalized by the condition /Omax(^) < 1- 

Icl Proposition. Let X^ {X',X") be a (Z^ © Z„)-flow such that X',X" 
both are distributed like Xi3 (the discrete Z^-flow of Sect. lb). If PmaxiX) < 1 
^0,00 ^i^d Xq^^ 



then random variables Xq ^ and Xq ^ are independent. 



A small perturbation has a dramatic effect on the random variable X\ 



a- 



this is instability (and moreover, sensitivity). All flows in Proposition Icl use the 
time set T = {0, 1, 2, . . . } U {00}. Nothing hke that happens on T = {0, 1, 2, . . . } 
or T = Z. Also, the group Z^ is essential; nothing like that happens for Z-flows 



(or R- flo ws, or R"-flows; see also Corollary 3a3). Sketch of the proof of Proposi- 
tion 



Icl for the special case m — 2: 

|E (-1)^0,30 (_l)^0'.oo I = 



|E (-1)^*'.- (-1)^"- |E (-1)^- + K-1)< = + M < l-(Pma.(X))* > . 



s=0 



The same can be saiiLabout the other (continuous) example of Sect, lb 
The random variable is sensitive. 
See also Sect. |[ especially 
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Id. Hubert spaces, quantum bits (spins) 

Stochastic flows belong to (and are of interest to) commutative probability the- 
ory; in addition, they can help to noncommutative probability theory by pro- 
viding new models with unusual properties, which will be discussed in detail in 
Sections |] and As a simple illustration of the idea, this approach is applied 
below to our first toy modfil. 

We return to X = Xi3 (the discrete Z„i-flow of Sect, lb) and consider the 
Hilbert space H of all square integrable complex-valued measurable functions 
of random variables X^.f , with the norm 

||/(-'^oa, Xi^2, ■ ■ ■', -'^o.oo)!!^ = E \ f{Xo^i,Xi^2, • ■ • ; Xq^oo)]'^ 

(other Xs^t are redundant). Equivalently, H — L2{^, P) provided that J- is 
the CT- field generated by X. 

We may split X at the instant 1 in two independent components: the past, 
— just a single random variable Xq.i', and the future, — all Xg^t for 1 < s < t, 
s,t G T. Accordingly, H splits into the tensor product, H = i/o,i g) Hi,oo- The 
Hilbert space i/o,i is two-dimensional (since Xq.i takes on two values, and 1), 
spanned by two orthonormal vectors 2~^/^(l — Xo,i) and 2~^/^Xo,i. Using this 
basis, we may treat the famous Pauli spin matrices 

l\ /O -i\ fl 



as operators on i?o.ii and also on H (identifying ak with ak ® 1). Thus, the 
2x2 matrix algebra M2(C) acts on H. 
Similarly, 

H = Hq^i Ht-i^t ® fft.oo 

for any t — 1,2,...; each Hg-i^s is two-dimensional, and {2~^/^(l — Xg^i^s), 
2~^/^Xs_i is its orthonormal basis. We get commuting copies of M2(C); 

cr*"^'* : H ^ H for fc = 1,2,3 and t = 1,2,.. . ; 

The random variable exp(^Xo.oo) is a factorizing vector, 

'27ri,, \ /27ri,, \ /27ri,, \ /27ri 



/ zm \ ( Ztti \ ( Zni ,^ \ ( Zni 

exp Xo ao = exp Xq i » • • • (g) exp Xt-i^t (g exp X, 

\ m / \ m / \ m / \ m 

The first factor is not a basis vector but a linear combination, 

f2m \ 1/1 
exp ( — Xo,i ] = — [ 27Ti 



t.oo 

m 



each factor exp(^^Xt-i^t) is a copy of this vector. The quantum state on a 
local algebra, 

M ^ {MiP, V) , M £ M2t (C) = M2 (C) g) • • • g) M2 (C) 

v ' 

t 
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corresponding to the vector ijj = exp(^Xo,oo) € H \s equal to the quantum 
state corresponding to the vector 



2-1/2 \ / 2-1/2 \ / 2-1/2 X ®* 

2-1/2 exp 2-i )<»••• (2-1/2 cxp 2-1 ) - (2-1/2 2xi 



e C2 



The vector exp(^Xo^oo) G may be interpreted as a factorizing state 
( 2-1/2 22ri )'^°° of an infinite collection of spins. Similarly, for each k = 
0,1,..., m — 1 the vector exp(2^Xo,oo) G H may be interpreted as 



Vectors of of the form 



TO 



are a subspace i/fc C H invariant under all local operators; and H = Hq 
• • • © Hm-i- Each Hk is irreducible in the sense that it contains no nontrivial 
subspace invariant under all local operators. 
The operator R defined by 

Rf(XQ^i,Xi^2, ■ • • ; -^0,00) = f{Xo^i,Xi^2, • • • ; -^0,00 + 1) 

(where Xq^^o + 1 is treated modTO) commutes with all local operators. Every 
operator commuting with all local operators is a function of R. The subspaces 
iJfe are eigenspaces of i?, their eigenvalues being exp(^^). In a more physical 
language, the group {i?'^ : A: = 0, 1, . . . , to — 1} is the gauge group, and iJ^ are 
superselection sectors. Each sector has its own asymptotic behavior of remote 

spins, according to exp(^Xo,oo) = ( 2-1/2 2,1 )'*°°. 

In contrast, the classical model based on functions of i.i.d. random variables 
Xs^s+i, may be identified with just one sector (the zero sector, A; = 0) of our 
model. 

See also Sect. | g Appendix], H Sect. 8.4]. 
2. Singularity concentrated in space (examples) 

2a. Preliminaries: convolution semigroups, stationary flows, noises 

A weakly continuous (one-parameter) convolution semigroup in R is a family 
(/^t)i6(o,oo) of probability measures /if on R such that jig * fit = fJ-s+t for all 
s,t £ (0,00), and limt^o fJ-t {{—£,£)) = 1 for all £ > 0. Two basic cases are 
normal distributions N(0, t) and Poisson distributions P(i). They correspond to 
the Brownian motion and the Poisson process, respectively. Every convolution 
semigroup decomposes into a combination of these two basic cases, and corre- 
sponds to a process with independent increments; the process decomposes into 
Brownian and Poisson processes. That is the classical theory (Levy-Khinchin- 
Ito). 
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Topological groups G other than R may be used as well. Simple examples 
are R", Z, Z^, T mentioned in Sect. |l|. More advanced, noncommutative topo- 
logical groups consisting of diffeomorphisms, unitary operators etc. will be used 
in Sect. |8[ Topological semigroups G are also useful; for instance, the multiplica- 



tive semigroup (C, •) of complex numbers (including 0) will appear in Sect. 6b. 
More advanced examples, consisting of conformal endomorphisms or (not just 
invertible) linear operators, will appear in Sect. ^. 

In the present section, elements of G are some quite simple maps R ^ R 
or [0,oo) — > [0,oo), given by expHcit formulas with (at most) three parameters. 
The binary operation G x G — > G is the composition of maps; G is a noncom- 
mutative semigroup. The maps are non-invertible; G is not a group. The maps 
are discontinuous; the binary operation G x G ^ G is also discontinuous, thus, 
G is not a topological semigroup. It is a semigroup and a (finite-dimensional) 
topological space, but still, not a topological semigroup! We axiomatize such 
objects as follows. 

2al Definition. A topo- semigroup is a semigroup G equipped with a topology 
such that 

(a) G is a separable metrizable topological space, (complete or) Borel mea- 
surable in its completion;^ 

(b) the binary operation is a Borel map G x G ^ G; 

(c) the semigroup G contains a unit 1, and 

if a;„ — > 1 and z„ — > 1 then x„?/z„ — > y 
for all xi,X2^ . . . ; y; zi, Z2, • • • e G. 

The convolution of two probability measures ^, on a topo-semigroup G 
is defined evidently (as the image of /zx j/ under [x, y) xy). A (one-parameter) 
convolution semigroup (/it)t6(o.cx;) in G is defined accordingly. We call it weakly 
continuous, if 

(2a2) ixt(U)^l ast^O 

for every neighborhood U of the unit 1 of G. It follows easily that / / d/it 
is continuous in t e (0,oo) (and tends to /(I) as t ^ 0) for every bounded 
continuous function / : G — > R. 

When G is a group, we have two equivalent languages: processes with inde- 
pendent increments, and fiows. However, neither the formula Xg^t = Xt — Xs nor 
its noncommutative counterpart, Xs.t = X~^Xt, can be used in a semigroup. 
The only appropriate language is, stochastic flows. 

2a3 Proposition. Let G be a topo-semigroup and {fJ.t)t>o a weakly continuous 
convolution semigroup in G. Then there exists a family {Xs_t)-oo<s<t<ca of 
G-valued random variables Xs^t satisfying the four conditions: 
(a) Xs^t is distributed /it-s, whenever — oo < s <t < oo; 



^Tho choice of a metric does not matter (even though it can change the completion). 
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(b) Xt^A2i^t2M^ ■ ■ ■ :-'^t„-i,t„ are independent for ti < i2 < • • • < 

(c) Xr.t — Xr^sXs^t a.s. whenever r < s < t; 

(d) Xg^ t^ — > Xs t in probability whenever s < t, Sn I s and t„ "f i. 
The proof is postponed to Sect. ^. 

The family (Xs,f)s<t (determined uniquely in distribution) may be called 
the (stationary) G-flow corresponding to (/it)t>o- 

Denoting by J-s,t the sub-cr-field generated by random variables X„_„ for all 
u, V such that s < u < v < we get 

J> s (g) JF, J = Tr^t whenever r < s < t . 

(That is, J-'r^s and ^ are independent and generate J^r.t-) In addition, the time 
shift by h sends Ts.t to !Fs+h,t+h (stationarity) ; see Sect. || for details. Such a 



family of sub-cr- fields (and time shifts) is called a noise (see Def. 3dl later). 

A probabilist might feel that noises are too abstract; cr-fields do not catch 
distributions. (Similarly a geometer might complain that topological invariants 
do not catch volumes.) However, they do! The delusion is suggested by the 
discrete-time counterpart. Indeed, the product of countably many copies of a 
probability space does not distinguish any specific random variable (or distribu- 
tion). Continuous time is quite different. Consider for example the white noise 
(^s,t), {Th), corresponding to the M-fiow Xg^t = Bt — Bg of Brownian incre- 
ments. At first sight, X^^t cannot be reconstructed from {J-s,t) and (Tl), but in 
fact they can! The conditions 

Xg^t is .Fs.f -measurable , 

Xr^s + XsA = XrJ , 
Xs,t °Th = Xs+h,t+h , 

EX,^t = 0, EXlt=t-s 

determine them uniquely up to a sign; X^^t = i(^t — Bg). For the Poisson noise 
the situation is similar. However, for a Levy process with different jump sizes, 
only their rates are encoded in {J-'s,t), (Th); the sizes are lost. 

Every weakly continuous convolution semigroup in a topo-semigroup leads 
to a stationarity flow and further to a noise. (See Sect. ^ for details.) 

2b. Coalescence: another way to the white noise 

A model described here is itself of little interest, but helps to understand more 
interesting models introduced afterwards. 

Functions [0, oo) — > [0, oo) of the form fa^b, 



fa,b{x) = a + max(x, b) , 




b 
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for a, 6 € M, & > 0, a + & > 0, form a semigroup G. That is, the composition 
f9 = 9°f'-x^ g{f{x)) of two such functions is such a function, again: 



fai,bi fa2,b2 — fa,bt 



0.2 



b — max(6i, 62 — cii) 



Equipped with the evident topology, G is a two-dimensional topological semi- 
group. The following probability distributions are a weakly continuous convolu- 
tion semigroup {Ht)t>o in G- 



Htjdadb) _ 2{a + 2b) 
dad6 ~ V^f3/2 



exp 



(g + 2bf 
2i 



It leads to a stationary G-flow {Xi,^t)s<u Xs,t = fas,t,bs,f 

The map (a. fe) a is a homomorphism G (M, +). It sends /it to the 
normal distribution N(0, t), which means that Us^t is nothing but the increment 
of the standard Brownian motion (ao,t)t in R. It appears that 



brt = — Enin « 

' sG[r,t] ' 

brt= max Us t ■ 

s6[r,fl 




The 'two-dimensional nature' of the flow is a delusion; the second dimension b 
reduces to the first dimension a. The noise generated by this G-flow is (isomor- 
phic to) the white noise. 

The G-flow {Xs^t)s<t may be treated as the scaling limit of a discrete-time 
G-fiow formed by (compositions of) two functions /+,/_ : — > Z_|_ (chosen 
equiprobably), 



/+ /- 



f+{x)=x+l, f- {x) = max(0, a; — 1) . 



The semigroup spanned by /_ , /+ may also be treated as the semigroup (with 
unit, non-commutative) defined by two generators /-,/+ and a single relation 
= 1. (The second relation /_/+ = 1 would turn the semigroup into Z, 
giving in the scaling limit the homomorphism G M. mentioned above.) 

Our G is not just a semigroup, but a semigroup of maps; it acts on [0,oo). 
Thus, any G-flow {Xs.t)s<t leads to the so-called one-point motion, the ran- 
dom process (Xo.t(a;))f>o, provided that a starting point x € [0,oo) is cho- 
sen. Similarly, the two-point motion is the two-dimensional random process 
(Xo,t(a;i),Xo,t(a;2)); and so on. For our speciflc G-flow, the one-point motion is 
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(distributed like) the reflecting Brownian motion (starting at x). Two particles 
starting at xi, X2 (xi < X2) keep their distance {Xo^tix2) — Xo^tixi) = X2 — X1) as 
long as the boundary is not hit (Xo,((xi) > 0). In general, the distance decreases 
in time. At some instant s (when 69, s reaches X2) the two particles coalesce at 
the boundary point {Xo^s{xi) — Xo,s{x2) = 0) and never diverge afterwards 
(Xo,t(a;i) = Xo^tix2) for aU t e [s,oo)). 

2c. Splitting: a nonclassical noise 

Functions M ^ M of two forms, J^^^ and /^j,. 



/ aA 



X — a for X G (—00, —6), 
—a — h for X G [— &, 6], 
X + a for X G (6, cxd); 



a for X G (—00, —6), 
h for a; G [—6, 6], 
a for a; G (&, 00) 



a+6 

-6 



/ 


— a — b 


a+b 


/ 


-b 


b 


/ 


— a — b 



for a, 6 G M, 6 > 0, a + 5 > 0, form a semigroup G. It is not a topological 
semigroup, sinc e th e composition is not continuous, buLit is a topo-semigroup 
(as defined by 2al}. The map f^^ t-^ /|^, /^^ t-^ /E^ is a homomorphism 
G gEI; here^i stands for the semigroup denoted by G in Sect. Ebl We 
define a measjuxe /^i on G by two conditions: first, the homomorphism G — > Gl3 
sends fit to /j^, and second, fit is invariant under the map 1— > /^^, /^^ 
/^j^. In other words, a and 6 are distributed as in Sect. 2b, while the third 
parameter is '— ' or '+' with probabilities 1/2, 1/2, independently of a, 6. These 
distributions are a convolution semigroup. Proposition 2a3 gives us a stationary 
G-flow (Xs t)s<t and a noise, — the noise of splitting. It is a nonclassical noise! 
(See Sect, g.) 

The G-flow {Xs.t)s<t may be treated as the scaling limit of a discrete-time 



G-flow formed by (compositions of) two functions 
(chosen equiprobably) , 



f- 



Z 



f^ix)^x~l 
f+{x)=x + l 
f-{-x)=-f^{x), 



for X G (Z+ i) n (0,cx)) . 
f+{-x)^-U{x). 




y. 

/+ 



They satisfy the relation /+/_ — 1 and generate the same (discrete) semigroup 
as in Sect. but the scaling limit is different, since here (in contrast to 2b) 
the product [f-Y'if+Y^^ for large a, 5 is sensitive to (—1)''. 
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The G-flow {Xs^t)s<t is intertwined with the -flow (X^)s<f by the map 
R ^ [0,oo), X ^ \x\. Indeed, |/^b(a;)| = /^^(N). The radial part \Xo4x)\ 
is (distributed like) the coalescing flow of Sect. g^. The sign of Xo,t(x), being 
independent of the radial motion, is chosen anew each time when the radial 
motion starts an excursion. The one-point motion is just the standard Brownian 
motion in R. 

Two particles starting at xi,X2 {\xi\ < \x2\) keep the value |Xo,t(a^2)| — 
|-'^o,«(a^i)| = \x2\ — \xi\ as long as |Xo,t(xi)| > 0. In general, the value decreases 
in time. At some instant the two particles coalesce at the origin and never 
diverge afterwards. Before the coalescence the second particle does not hit the 
origin, while the first particle chooses the sign anew each time when it starts an 
excursion. It does so after the coalescence, too, but now — together with the 
second particle. 

Similarly we may take the space set as the union {z G C : € [0, oo)} 
of three (or more) rays on the complex plane and define a splitting flow such 
that its radial part is the coalescing flow, and the argument (the angular part) 
is chosen anew (with probabilities 1/3,1/3,1/3) each time when starting an 
excursion. Then the one-point motion is a complex-valued martingale known as 
the spider martingale, see Sect. 2]. 

The noise of splitting was introduced and investigated by J. Warren |Q. See 
also 1 47 , Example Idl], and Sections ^ of this survey. 



2d. Stickiness: a time- asymmetric noise 

Functions [0, oo) [0,oo) of the form fa,b,c-, 



c for a; e [0,6], 

X + a for X S (6, oo) c 



for a, 6, c € R, 6 > 0, < c < a + 6_£orm a semigroup G (a topo-iSepiigroup, 
not topological). The map fa.b,c ^ is a homomorphism G Ctn. In fact, 
GEM.= {/a,6.a-t*l is a sub-semigroup of G, therefore the convolution semigroup 
(/ipl)4>o in Gcil is also a convolution semigroup in G; it is a degenerate case 

(A = 0) of a family of convolution semigroups (/^i''''')t>o on G; the parameter A 
runs over (0, oo). Namely, 

is the joint distribution of a, b and c = max(0, a + b ~ At/), 
where the pair (a, b) is distributed /j^, 
while 7] is independent of (a, b) and distributed Exp(l) ; 

that is, P(?7 > c) — e^^ for c e [0, oo). It is indeed a convolution semigroup, 
due to a property of the composition in G (c = 02 + ci if ci > 62, otherwise C2; 
about a, b see Sect. |^): for every ai, bi, 02, 62, if^ ci ~ max(0, ai -f 61 — A77) and 
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C2 ~ max(0, 02 + 62 ^ A77) are independent then c ~ max(0, a + 6 — A77). 




Verifying the c-component of the 
equality /xi^^ * ^i^^' = 
(The case ai + 61 > 62 is shown; the 
other case is trivial.) 



Note that the measure /ij^'' has an absolutely continuous part (its three-dimenskt 
nal density can be written explicitly, using the two-dimensional density of 
and the one-dimensional exponential density of 77) and a singular part concen- 
trated on the plane c — Q; the singular part has a two-dimensional density (it can 
also be written explicitly). Proposition 2a3 gives us a stationary G-flow {Xs^t)s<t 



and a noise, — the noise of stickiness. It is a nonclassical noise. Moreover, the 
noise is time-asymmetric! (See Sect. ^) 

The G-flow {Xs^t)s<t may be treated as the scaling limit of a discrete-time 
G-flow formed by (compositions of) three functions /+,/-,/* : Z+ Z^: 

/. /+ /- 

t ; I f*{x)^x + l, /_(.t) max(0,a:; - 1) , 

f i \ , , . fx + 1 for X > 0, 

i i ^+("^= for. = 0. 



The functions are chosen with probabihties P(/-) = ^, = ^jV^At, 

P(/+) = i — -j-\/Ai), where At is the time pitch (tending to in the scaling 
limit); the space pitch is equal to VAi. The semigroup spanned by /-,/+,/* 
may also be treated as the semigroup defined by three generators /_,/+, /* and 
three relations /+/_ = 1, /*/_ = I, /*/+ = 

The one-point motion (Xo,t(x))t>o of our G-flow is (distributed like) the 
sticky Brownian motion (starting at x). A particle spends a positive time at 
the origin, but never sits there during a time interval. Two particles keep a 
constant distance until one of them reaches the origin. Generally, the distance 
is non-monotone. But ultimately the two particles coalesce. 

The noise of stickiness was introduced and investigated by J. Warren | ^ . 
See also Sect. 4], and Sections ^ of this survey. 

2e. Warren's noise of splitting 

The noise of splitting consists of cr-fields generated by random variables Os,*, bs,t 
and Ti^t^cording to the parameters a,b,T of an element /J^ of the semigroup 
G (= Gbl); & > 0, a + 6 > 0, and r = ±1. We may drop bs,t but not Ts^t- The 
binary operation in G is such that (assuming r < s < t) Tr^t is either r^^s or Ts^t 
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depending on whether the minimum of the Brownian motion i3„ = ao,ti on [r, t] 
is reached on [r, s] or [s, t\. It means that the random sign Tr^t may be assigned 
to the minimizer s € [r, t] of the Brownian motion on [r, . "This is a noise 
richer than white noise: in addition to the increments of a Brownian motion 
B it carries a countable collection of independent Bernoulli random variables 
which are attached to the local minima of B" the last phrase] . 

It may seem that these Bernoulli random variables appear suddenly, having 
no precursors in the past (like jumps of the Poisson process). However, this is a 
delusion. 

2el Definitio n. A noise (or, more generally, a continuous product of probabil- 



ity spaces, see 3cl ) {J-'s,t)s<t is predictable, if the filtration {J--oo,t)teM admits 



of no discontinuous martingales. 

Equivalently: for every stopping time T (w.r.t. the filtration {J^-oo,t)teR) 
there exist stopping times T„ such that T„ < T and Tn T a.s. 
The white noise is predictable; the Poisson noise is not. 
The noise of splitting is predictable. 

What is wrong in saying 'each one of these Bernoulli random variables ap- 
pears suddenly at the corresponding instant'? The very beginning 'each one 
of these' is misleading. We cannot number them in real time. Rather, we can 
consider (say) tq^i, the Bernoulli random variable attached to the minimizer of 
B on [0, 1]. Its conditional expectation, given T-oo.t (0 < t < 1), does not jump, 
since we do not know (at t) whether the minimum was already reached or not; 
the corresponding probability is continuous in t. 

Is there anything special in local minima of the Brownian path? Any other 
random dense countable set could be used equally well, if it satisfies two con- 
ditions, locality and stationarity, formalized below. However, what should we 
mean by a 'random dense countable set'? The set of all dense countable subsets 
of R does not carry a natural structure of a standard measurable space. (Could 
you imagine a function of the set of all Brownian local minimizers that gives a 
non-degenerate random variable?) They form a singular space in the sense of 
Kechris §2]: a 'bad' quotient space of a 'good' space by a 'good' equivalence 
relation. Several possible interpretations of 'good' and 'bad' are discussed in 
[ p^ , but we restrict ourselves to few noise-related examples. 

Please consult Sect. ^ for some general notions and notations used below. 

The space K°° of all infinite sequences (ti, ^2, • • ■ ) of ^'*3al numbers is naturally 
a standard measurable space. The group Soo of all bijective maps {1, 2, . . . } — > 
{1,2,...} acts on R°° by permutations: (ti, ^2, • • ■ ) ^ {tm ,tn2T ■ ■)■ The Borel 
subset C of all sequences of pairwise different numbers ti,t2,--- is 
iSoo-invariant, and the set of orbits / Soo may be identified with the set of 
all countable subsets of M. The same for (a, 6)^ / Sqo and countable subsets of a 
given interval (a, b) C R. 

The group £o(^ ^ '5'cx;) of random permutations acts on the space Lq{^1 — s- 
R°°) of random sequences. The subset Lf){VL — > R^) is invariant under random 
permutations. We treat the quotient space Lq{Q. M.^)/Lo{il Soo) as a 
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well-defined substitute of tfie ill-defined Lq{VL R^/S'oo)- A random countable 
set is treated as a random sequence up to a random permutation. 

Local minimizers of a Brownian path are such a random set; that is, they 
admit a measurable enumeration. Here is a simple construction for (0, 1). First, 
ti{uj) is the minimizer on the whole (0,1) (unique almost sure). Second, if 
ti{Lo) e (0, 1/2) then t2{uj) is the minimizer on (1/2, 1), otherwise — on (0, 1/2). 
Third, t3(w) is the minimizer on the first of the four intervals (0, 1/4), (1/4, 1/2), 
(1/2,3/4) and (3/4, 1) that contains neither ti{uj) nor t2{io). And so on. 

Random sets Mg^t of Brownian minimizers on intervals (s,t) C K satisfy 
Mr^s U Ms^t = Mr^t for r < s < t (almost sure, s is not a local minimizer), and 
Ms^t depends only on the increments oi B on (s, t), which may be said in terms of 
{^s,t)s<t- Namely, Mg^t is defined via JFs, (-measurable random sequences modulo 
J^s.f -measurable random permutations, 

Ms,t e Lo{Ts,t -> (s,t)^)/£o(^s,* ^ ^oo) . 

2e2 Definition. A stationary local random dense countable set (over a given 
noise) is a family (A^s,t)s<t of random sets 

Ng,t e Lo(^s,t -> {s,t)^)/Lo{Tg,t ^ 5oc) 

satisfying 

Nr,s U Ns^t = Nr^t a.s., 
Ns^t ° Th = Ns+h,t+h a.s. 

whenever r < s < i, /i e M. (Here Th are time shifts, see ^dl| .) 

Brownian minimizers are an example of a stationarity local random dense 
countable set over the white noise. Brownian maximizers are another example. 
Their union is the third example. 

2e3 Question. Do these three examples exhaust all stationarity local random 
dense countable sets over the white noise? 

New examples could lead to new noises. 



2f. Warren's noise of stickiness, made by a Poisson snake 

The noise of stickiness consists of (T-fields generated by random variables Os,*, 6s, t 
and Cs.ti-af cording to the parameters a, 6, c of an element fa,b,c of the semigroup 
G (= GH); & > 0, < c < a + &. We may drop b^^t but not'c^,*. 

Consider the (random) set Ct = {cs,t ■ s G (— oo, t)} \ {0}; its points will be 
called 'spots'. For a small At usually (with probability 1 — O(VAi)) Ct.t+i^t = 



(since a+b—Xrj < 0, recall Sect.|2d|), therefore Ct+At — iCt+at.t+At)(^{at,t+At + 
bt.t+At,oo). We see that the spots move up and down, driven by Brownian 
increments. The boundary annihilates the spots that hit it. However, sometimes 
the boundary creates new spots. It happens (with probability ~ const • V^i) 
when ct.t+At > 0. 
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An observer that moves according to the Brownian increments sees a set 
Ct — ao,t of fixed spots on the changing ray (— ao,f,cxD). The spotted ray may 
be called a Poisson snake. The movement of its endpoint (— ao^t) is Brownian. 
When the snake shortens, some spots disappear on the moving boundary. When 
the snake lengthens, new spots appear on the moving boundary. It happens 
with a rate infinite in time but finite in space. Infinitely many spots appear 
(and disappear) during any time interval (because of locally infinite variation 
of a Brownian path); only a finite number of them survive till the end of the 
interval. In fact, at every instant the spots are (distributed like) a Poisson point 
process of rate 1/A on (— ao,t,oo). 

Being discrete in space, the spots may seem to appear suddenly in time (like 
jumps of the usual Poisson process). However, this is a delusion (similarly to 
Sect. 11). 

The noise of stickiness is predictable. 

A spot can appear at an instant s only if s is 'visible from the right' in the 
sense that Og t > for all t close enough to s (that is, 3e > Vt £ (s, s+e) Og t > 
0). 




A random dense countable subset of 
the continuum of points visible from 
the right. (Few chords are shown, 
others are too short.) 



Points visible from the right are (a.s.) a dense Borel set of cardinality continuum 
but Lebesgue measure zero. Knowing the past (according to JF_oo,s) but not the 
future {J^s,oc) we cannot guess that s is (or rather, will appear to be) visible 
from the right. (Compare it with Sect. knowing the past we cannot guess 
that s is a local minimizer.) 

In contrast, knowing the future {J-s,oo) but not the past (J^_oo,s) we know, 
whether s is visible from the right or not. (This asymmetry reminds me that we 
often know the date of death of a great man but not the date of birth. . . ) 

The time-reversed noise of stickiness is not predictable. 

In other words, the filtration (J-"-cxD,t)tGffi admits of continuous martingales 
only, but the filtration {J-'-t,oo)teR admits of some discontinuous martingales. 

All the birth instants (when new spots appear) are (a.s.) a dense countable 
subset of the set of points visible from the right. Conditionally, given the Brow- 
nian path {Bt)tem. — (ao,t)teR; birth instants are a Poisson random subset of 
R whose intensity measure is a singular cr-finite measure (dS)"*" concentrated 
on points visible from the right. Such a measure (d/)^ may be defined for ev- 
ery continuous function / (not just a Brownian path); note that / need not 
be of locally finite variation. Namely, {df)~^ is the supremum (over t € M.) 
of images of Lebesgue measure on {—oo,f{t)) under the maps x i—^ max{s S 
(— oo,t) : /(s) — x}, provided that inf{/(s) : s G {—oo,t)} — — oo (which 
holds a.s. for Brownian paths); otherwise {—oo,f{t)) should be replaced with 
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(inf{/(s) : s S (— oo,t)}, f{t)). The measure (d/)"*" is always positive and cr-fi- 
nite, but need not be locally finite. That is, M can be decomposed into a sequence 
of Borel subsets of finite measure (d/)+. However, it does not mean that all (or 
even, some) intervals are of finite measure (d/)"*". 

The cr-finite positive measure {dB)'^ is infinite on every interval (because of 
locally infinite variation of the Brownian path). Such measures are a singular 
space (recall Sect. ^); a random element of such a space should be treated with 
great care. Interestingly, the singular space of Sect. ^ is naturally embedded 
into the singular space considered here. Indeed, every dense countable set may be 
identified with its counting measure (consisting of atoms of mass 1); the measure 
is (7-finite, but infinite on every interval. In contrast, the measure (d-B)"*" is non- 
atomic. 

Similarly to Sect. ^ it should be possible to define a stationary local random 
a-finite positive measure, infinite on every interval, over (say) the white noise. 
One example is [AB)^ . Replacing Bt with —Bt, or i?-*, or —B^t we get three 



more examples. Similarly to Question 2e3 we may ask: do these four examples 



and their linear combinations exhaust all possible cases? New examples could 
lead to new noises. 

See also || and @, Sect. 4]. 

3. EVom convolution semigroups to continuous products of 
probability spaces 

3a. Preliminaries: probability spaces, morphisms etc. 

Throughout, either by assumption or by construction, all probability spaces are 
standard. All claims and constructions are invariant under mod isomorphisms. 

Recall that a standard probability space (known also as a Lebesgue-Rokhlin 
space) is a probability space isomorphic (mod 0) to an interval with the Lebesgue 
measure, a finite or countable collection of atoms, or a combination of both (see 
l ^jj 17.41]). Nonseparable L2 spaces of random variables are thus disallowed! 

A cr-field J- is sometimes shown in the notation {Q,J-,P), sometimes sup- 
pressed in the shorter notation (SI, P). 

Every function on any probability space is treated mod 0. That is, I write 
/ : f2 — !■ R for convenience, but I mean that / is an equivalence class. The same 
for maps f2i 1^2 etc. A morphism VLi — > is a measure preserving (not 
just non-singular) measurable map {Pi,P2 are suppressed in the notation). An 
isomorphism (known also as 'mod isomorphism') is an invertiblc morphism 
whose inverse is also a morphism. An automorphism is an isomorphism from 
ri to itself. Every sub-ci- field is assumed to contain all negligible sets. Every 
morphism a : $7 ^ SI' generates a sub-cr-field £ G J- , and every sub-cr-field 
£ <Z J- is generated by a morphism a : S7 — > fi', determined by £ uniquely up to 
isomorphism (S7' ^ S7", making the diagram commutative. . . ); it is the quotient 
space in',P') = in,P)/£. 

A standard measurable space (or 'standard Borel space') is a set E equipped 
with a CT-field B such that the measurable space {E, B) is isomorphic either to 
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R (with the Borcl cr-field) or to its finite or countable subset. See 12. B and 
15.B]. 

Equivalence classes of all measurable functions f2 ^ M are a topological 
Hnear space Lo(ri, T, P) (denoted also Lq{^), Lo{J^), Lo{P) etc.); its metrizable 
topology corresponds to convergence in probability. Any Borcl function : R ^ 
R leads to a (nonlinear) map Lo(^) ^ -^o(^)j X i-^ if o X, discontinuous (in 
general), but Borel measurable. (Hint: if fn{x) 'fiix) for all x g R then 
(fin o X ^ ip o X for all X G Lo(f2).) Given a standard measurable space E, 
the set Lo{^l E) of equivalence classes of all measurable maps — > i? carries 
a natural Borel cr-field and is a standard measurable space (neither linear nor 
topological, in general). 

A stochastic flow (and any random process) is generally treated as a family 
of equivalence classes (rather than functions). The distinction is essential when 
dealing with uncountable families of random variables. The phrase (say) 

ft = gt a.s. for all t 

is interpreted as 

inf P{w:/t(c^)=.gt(w)} = l 

rather than P(nt{w : ft{t^) = 54(0;)}) = 1. In spite of that, when dealing 
with (say) a Brownian motion {Bt)t and writing (say) maxtg[o_i] i?t, we rely on 
path continuity. Here the Brownian motion is treated as a random continuous 
function rather than a family of random variables. 

I stop writing 'standard' [probability space) ^ 'mod 0' and 'measure preserv- 
ing but I still mean it! 

3b. From convolution systems to flow systems 

Recall the convolution semigroups in R, mentioned in ^ The convolution re- 
lation ^.g * ^Jit — t'-s+t means that the map R^ ^ R, {x,y) x + y sends the 
product measure /i^ x into ^is+t- More generally, each /it may sit on its own 
space Gt , in which case some measure preserving maps Gs x Gt ^ Gs+t should 
be given (instead of the binary operation G x G G). Another generalization 
is, abandoning stationarity (that is, homogeneity in time). 

3bl Definition. A convolution system consists of probability spaces {Gg.t, IJ-s.t) 
given for all s,t e R, s < t, and morphisms Gr,s x Gs.t ^ Gr,t given for all 
r, s, i G R, r < s < i, satisfying the associativity condition: 

{xy)z = x{yz) for almost all x € G^.s, y G Gs_t, z e Gt.u 

whenever r, s, i, m £ R, r < s < t < u. 

Here and henceforth the given map Gr,s x Gs_t — > Gr,t is denoted simply 
{x, y) ^ xy. Any linearly ordered set (not just R) may be used as the time set. 

Every convolution semigroup (/it) in R leads to a convolution system; namely, 
(Gs,t,/is,t) = (R,/it-s), and the map Gr.sxGsj. ^ Gr,t is ix,y) x+y. Another 
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example: {Gs,t, l-i's,t) = (Zm,M) for all s,t; here m £ {2, 3, . . . } is a parameter, 
and fj, is the uniform distribution on the finite cyclic group = Z/m7j] the 
map Gr^s X Gs,t Gr^t is {x,y) i~> x + y (mod m), and the time set is still 
K. The latter example is much worse than the former; indeed, the former is 



separable (see Definition 3b4 below), and the latter is not. 

Here is a generalization of the classical transition from convolution semi- 
groups to independent increments. 

3b2 Definition. Let {Gs,t, IJ's,t)s<t;s,t£T be a convolution system over a linearly 
ordered set T. A flow system (corresponding to the given convolution system) 
consists of a probability space {fl,!F,P) and morphisms Xg^t '■ ^ Gg.t (for 
s < t; s,t G T) such that is generated by all Xg^t ('non-redundancy'), and 



n J 



(a) Xtj^^t2j ^t2,t3, ■ ■ ■ ,Xt^_^,t^ are independent for ti < t2 < ■ ■ ■ < t 

(b) Xr^ = Xr^sXs,t (a.s.) ior r < s <t. 

The non-redundancy can be enforced by taking the quotient space 
(17, P)/J^_oo,oo, where .F_oo,oo is the cr-field generated by all Xs.t- 

3b3 Proposition. For every convolution system over a finite or countable T, 
the corresponding flow system exists and is unique up to isomorphism. 

By an isomorphism between flow systems {Xs^t)s<t, Xs.t ■ ^ ^ Gs.t and 
(Xg()s<t, X'g^ : f2' — > Gs^t we mean an isomorphism a : — > f2' such that 
Xs^t = X's f. o a for s < t. 

Proof (sketch). Existence: if T is finite, T = {ti, . . . , t„}, < • • • < i„, wc just 
take — Gti^t2 x • • • x Gt^_i^t„ with the product measure. If T is countable, 
we have a consistent family of finite-dimensional distributions on the product 
ns<t s tGT ^Si* °f countably many probability spaces. 

Uniqueness follows from the fact that the joint distribution of all Xg^t is 



uniquely determined by the measures fj,s,t according to 3b2(a,b). □ 



Given a convolution system {Gs,t, tJ's,t)s<t-s,t(£T and a subset To C T, the 
restriction {Gs,t, fJ's,t)s<t;s,teTo is also a convolution system. If T is countable and 
To C T, we get two flow systems, {Xs^t)s<us,teT on (fi, P) and {X'^t)s<t;s,teTo 
on (r^o, Pq) related via a morphism a : ^ Hq such that Xg.t = X^ t o a (a.s.) 
for s,t G To, s < i. It may happen that a is an isomorphism, in which case we 
say that Tq is total in T (with respect to the given convolution system). 

3b4 Definition. A convolution system {Gs,t, fJ-s,t)s<t:s,t£S. is separable, if there 
exists a countable set To C M such that for every countable T C K satis- 
fying To C T, the subset To is total in T with respect to the restriction 
(Gs,t, lJ's,t)s<t-s,teT of the given convolution system. 

When checking separability, one may restrict himself to the case when the 
difference T \ To is a single point. 



Here is a counterpart of Proposition 3b3 for the uncountable time set 
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3b5 Proposition. The following two conditions on a convolution system 
(Gs,t,/is,t)s<t;s,tGR are equivalent: 

(a) there exists a flow system corresponding to the given convolution system; 

(b) the given convolution system is separable. 

Proof (sketch), (a) =^ (b): the cr-field being generated by the uncountable 
set {Xs^t '■ s <i} of random variables, is necessarily generated by some countable 
subset (since the probability space is standard). 

(b) =^ (a): we take the flow system for Tq; separability implies that each 
Xs^t (for s,i g M) is equal (a.s.) to a function of {Xsd)s<t;s,t£To- D 

3c. From flow systems to continuous products, and back 

3cl Definition. A continuous product of probability spaces consists of a prob- 
ability space {il,!F,P) and sub-cr-fields Tg^t C T (given for all s,t G M., s < t) 
such that J-' is generated by the union of all J^s,t ('non-redundancy'), and 

(3c2) Tr,s ^s,t — ^r,t whenever r < s < t . 

The latter means that J> s and J-s^t are independent and generate J^r,t- See 



also Def. 3c6 below. The non-redundancy can be enforced by taking the quotient 
space (ri, P)/ T-ao,oo- Any linearly ordered set (not just M) may be used as the 
time set. It is convenient to enlarge the time set from R to [—00,00] defining 
T-oa,t as the tr-field generated by the union of all Ts.t for s G (—00, i); the same 
for Ts,oo and T-oa,oo- 



3c3 Proposition. Let iXs,t)8<t be a flow system, and Ts,t be defined (for 
s < i) as the sub-a-field generated by {Xu,v s < u < v <t}. Then sub-cr-fields 
J-'s.t form a continuous product of probability spaces. 



Proof (sketch). J^r,s and J^s,t generate J^r,t by |3b2|(b) and are independent by 
(|b|)(a) (and (b)).' ' ' □ 

Having a continuous product of probability spaces {J^s,t)s<t we may intro- 
duce quotient spaces 

(3c4) (r!,,t,P,,t) = (f^,P)/.F,,t. 

The relation ( pc2| ) becomes 

(3C5) inr,s,Pr,s) X (^i.,*, Ps,t) = (f^r,i, Pr,t) ; 

the equality is treated here via a canonical isomorphism. It is not unusual; for 
example, the evident equality (A x _B) x C = ^ x (P x C) for Cartesian prod- 
ucts of (abstract) sets is also treated not literally but via a canonical bijection 
((a, 6),c) '—^ (a, (&, c)) between the two sets. The canonical isomorphisms im- 



plicit in ( peg ) satisfy associativity (stipulated by Definition 3bl); indeed, for 

r<S<t<UWe have (17^,^, -Pr.s) X {fls^t,Ps,t) X i^lt,u,Pt,u) = i^r,u,Pr,u)- 

Thus, (fls^t,Ps,t) form a convolution system (as defined by [3b l| ) satisfying an 
additional condition: the morphisms Gr,s x Gs.t Gr,t become isomorphisms. 
This is another approach to continuous products of probability spaces. 
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3c6 Definition. A continuous product of probability spaces consists of prob- 
ability spaces {ns^t,Ps,t) (given for all s,< e R, s < i), and isomorphisms 



S,t 



rir,t given for all r,s,t e 



< s < t, satisfying the associa- 



tivity condition: 



{uJiLU2)i^3 — '-^i(^2'^3) for almost all lui e flr,s-, ^2 G ^^s,t, ^^3 G 



whenever r, s,t,u G M., r < s < t < u. 



(As before, the given map fi^.s x Q ^ t ~ » ^^r.t is denoted simply (^1,^2) '-^ 
uJiL02-) Having { Ts.t) s<t as in Defin ition 3cl we get the corresponding {^s,t, Ps,t) 
as in Defi nitio n peg by means of (3c4). And conversely, each (f^s. t; Ps.t) as in 
Definition 3c6 leads to the corresponding {J-s,t)s<t of Definition 3cl. Namely, we 
may take (fi,P) = nfeez(^fe,fe+i, -Pfc,fc+i), define Xk,k+i ■ ^ ~^ ^k.k+i as coor- 
dinate projections, use the relation Qk,k+i — ^k,k+9 x ^k+9.k+i for constructing 
Xk^k+e ■ ^ — > ^k,k+9 and so forth. Alternatively, we may treat {^s,t, Ps,t)s<t as 
a (special, necessarily separable) convolution system and use relations discussed 
below. 



A separable convolution system leads to a flow system by 3b5; a flow system 
leads to a continuous product of probability spaces by 3c3; and a continuous 
product of probability spaces is a special case of a separable convolution system. 



separable convolution systems ■ 



flow systems 



(3c7) 



continuous products 
of probability spaces 



For example, a weakly continuous convolution semigroup ilJ-t)te{o,oo} in R is a 
separable convolution system. (Any dense countable subset of M may be used 
as To in Def. 3b4.) The corresponding flow system consists of the increments 
of the Levy process corresponding to (/it)t- It leads to a continuous product of 
probability spaces {^s,t, Ps,t)- Namely, (r2o,t, Po,t) may be treated as the space of 
sample paths of the Levy process on [0,t]; {ns,t,Ps,t) is a copy of {Qo,t-s, Po.t-s)', 
and the composition Qr.s x Qs.t 3 (^^1,^2) 1— > W3 € Qr,t is 



W3(m) = 



UJl{u) 



for u e [r, s] , 



LUi{s) + LU2{u — s) foruG[s,i]. 



Note that {i^s,t, Ps,t) is much larger than (Gs,t, Ms,*)- We may treat {flg.t, Ps,t)s<t 
as another convolution system; the two convolution systems, {M, fit-s)s<t and 
{fls^t, Ps,t), lead to the same (up to isomorphism) continuous product of prob- 
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ability spaces. It holds in general: 

separable convolution system h 



flow system 



but 



another separable 
convolution system 



continuous product 
of probability spaces 



^ continuous product 
of probability spaces 



■ separable convolution system 



the same continuous product 
of probability spaces 



H flow system 



3d. Stationary case: noise 

Returning to stationarity (that i s, ho mogeneity in time) , abandoned in Sections 
1^, we add time shifts to Def. 3cl, after a general discussion of one-parameter 



groups of automorphisms. 

DIGRESSION: MEASURABLE ACTION 

In the spirit of our conventions (Sect. ^a|) , an action of M on a probability 
space Vl — {n,!F,P) is treated as a homomorphism of (M, +) to the group of 
automorphisms Aut(fi), each automorphism being an equivalence class rather 
than a map il — > il. Thus, an action is not quite a map K x ^ fj. The 
group Aut(f7) is topological (in fact, Polish) 17.46], and a homomorphism 
R — > Aut(r2) is Borel measurable if and only if it is continuous (which is a 
special case of a well-known general theorem 9.10]). Such a homomorphism 
will be called a measurable action of M on fJ. Every such action T -.W —^ Aut(f2) 
corresponds to some (non-unique) measurable map R x — > 17. Moreover, the 
map can be chosen to satisfy everywhere the relation Tr{Ts{Lu)) — Tr+s(w) 
(Mackey, Varadarajan and Ramsy), but this fact will not be used. More detailed 
discussion can be found in p5| , Introduction]. 

END OF DIGRESSION 



3dl Definition. A noise, or a homogeneous continuous product of probability 
spaces, consists of a probability space {^,J-, P), sub-cr-fields J^s.t C given for 
all s, f € R, s < t, and a measurable action {Tfi)h of R on il, having the following 
properties: 

(a) Tr^s ^ J-s.t = J^r.t whenever r < s < t , 

(b) T/j sends J^s,t to Ts+h,t+h whenever s <t and e R , 

(c) !F is generated by the union of all J^s,t ■ 
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The time set M may be enlarged to [— cxd,cxd], as noted after Def. 3cl. Of 
course, the index h of Th runs over R only, and —oo-'rh — — oo, c» + /i = oo. 

Weakly continuous convolution semigroups in R (unlike convolution systems 
in general) lead to noises. 

Measurability of the action does not follow from other conditions; here is a 
counterexample . 

3d2 Example. We choose a weakly continuous semigroup (/it)tg (o,oo) in 11^^ and 
assume that it is isotropic in the sense that each is invariant under rotations 
{x,y) (a;cos(^ — ?/sin(/j,xsin(^ + ycos(/9) of R^. (For instance, {^J^t)t may 
correspond to the standard Brownian motion in K^. One may also use Poissonian 
jumps in random directions. . . ) The corresponding noise is also isotropic in the 
sense that we have a measurable action of the rotation group T on fi, commuting 
with the time shifts Th and preserving the sub-cr-fields J-g.t- We take some non- 
measurable additive function : R — > R (that is, Lp{s + t) = ip{s) + ip{t) for 
all s,t G R) and define a new ('spoiled') action T' : R — > Aut(n); namely, 
is the composition of Th and the rotation by the angle (p{h). The structure 
((r2,JF, P), {J^s,t)s<t, {Th)h) is not a noise only because the action (T^)/! is not 
measurable. 

3d3 Proposition. Every noise satisfies the 'upward continuity' condition 
(3d4) Ts,t is generated by (J Ts+e,t-e for all s, f e R, s < i . 

Using the enlarged time set [—00, cx)] we interprete —00 + e as — 1/e and 
00 — e as 1/e. 

Proof (sketch). In the Hilbert space H = L2{^,T,P) we consider projec- 
tions Qs,t ■ f 1-^ ^{f\^s,t)- They commute, and Qs,t = Q-oc,tQs,oc- The 
monotone operator-valued function t i— s- Q-oo,t must be continuous (in the 
strong operator topology) at every i g R except for an at most countable 
set, since H is separable. By shift invariance, continuity at a single t implies 
continuity at all t. Thus, \\Q-oo,tf — Q-oo,t-ef\\ ^ when e for ev- 
ery f e H. Similarly, \\Qs,oof - Qs+e.oof\\ 0. For / e Qs.tH we have 

11/ - Qs+e,t-ef\\ < 11/ - Q-oo.t-ef\\ + \\Q-oo.t-e{f - Qs+e,oof)\\ ^0. □ 

3d5 Corollary. Every noise satisfies the 'downward continuity' condition 
(3d6) J='s,t = Pi J's-e.t+e for all s, t e R, s < t ; 

e>0 

here J-'t^t is the trivial cr-field. 

Using the enlarged time set [—00, 00] we interprete —00 — s as —00 and 00 + e 
as 00. 

Proof (sketch). The cr-field !Fs-,t+ = ^e>o^s-E,t+e is independent of .?"_oo,s-eV 
Tt+e,oo for every e, therefore (using the proposition), also of T-ao.s V J^t.oo- We 
have Ts,t C J^s~,t+ and T-oo,s V Ts,t V Tt,oo = ^-00, s V Ts-^t+ V Tt^oo] in 
combination with the independence it implies J-'s,t = ^s-,t+- D 
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The two continuity conditions ('upward' and 'downward') make sense also for 
(non- homogeneous) continuous products of probability spaces. The time set may 
be M, or [— cjo, cxd], or (say) [0, 1], etc. Of course, using [0, 1] we interprete — e as 
and 1 + e as 1. Still, the upward continuity implies the downward continuity. 
(Indeed, the proof of |3d5| does not use the homogeneity. See also |6dl8 ,) The 
converse does not hold. For example, the T-flow Y\3 (the T-flow Y of Sect, lb) 



leads to a continuous proiuct of probability spaces, continuous downwards but 
not upwards. Namely, is J-o,i -measurable but independent of the cr-field 
^o+,i generated by Ue>o.?v,i. On the other hand, the cr-field J--00.0+ ~ •^o-,o+ 
is trivial. See also |o[ 3d6 and 3e3], ||, 2.1], H, 1.5(2)]. 

Similarly to Proposition ^d3| , upward continuity holds for (non- homogeneous) 
continuous products of probability spaces, provided however that r, s do not be- 
long to a finite or countable set of discontinuity points. 

The notions discussed so far are roughly as follows: 



convolution 
systems 



convolution 
semigroups 



flow 
systems 



cont. products 
of prob. spaces 



^ noises 



non- stationary 



stationary 



It is natural to try a 'stationary route' from convolution semigroups to noises. We 
may define a stationary convolution system as consisting of probability spaces 
{Gt,iJ-t) for t G (0,00) and morphisms Gs x Gt ^ Gg+t satisfying the evident 
associativity condition. Assuming separability we get a flow system {Xa^t)s<t 
stationary in the sense that the distribution of X^ t depends only on t — s. It 
leads to time shifts such that Xg.t ° 7/i = Xg^^ t+h a-S. However, it does not 
mean that we get a noise, since the measurability of the action T : R ^ Aut(ri) 
is not guaranteed (see below). 

In the other direction, the transition is simple; every noise corresponds to a 
stationary convolution system. Just take (Gt,/!*) = {Q, P)/ J-'o.t and construct 
the morphism (in fact, isomorphism) Gs x Gf — s- Gg+t, combining the natu- 
ral isomorphism ((f7, P)/J^o,s) x {{Vt, P) / Ts,s+t) ^ [VL, P) / {Tq^s ® Ts,s+t) = 
(O, P)/jFo,s-i-t and the isomorphism (Q, P)/ J^s,s+t {^,P)/J^o,t given by the 
time shift Tg. 

This construction does not rely on the measurability of the action T. There- 
fore it may be applied to the counterexample of 3d2 (it is in fact stationary) . The 
'spoiled' isomorphism G^ x Gt ^ G^+t rotates the second component (belonging 
to Gt) by the angle 1^9(5). This (pathologic) stationary convolution system does 
not lead to a noise. A more economical example: (Gt,/i() = (M^,/it), and the 
map Gs X Gi ^ Gs+t is the vector addition 'spoiled' by rotating the second 
vector (belonging to Gt) by the angle '^{s). 



Adding stationarity to Def. 3cl we get Def. 3dl. It is less simple, to add 
stationarity to Def. 3c6. It should mean isomorphisms il^ x f2t — > Q,s+t- However, 
measurability of the action T : R — > Aut(f7) must be required; here Q, is the 
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'global' probability space constructed out of the given 'local' probability spaces 
f2(. A simpler formulation is suggested by Liebscher's idea of cyclic time (see 



Sect. 5d). We define automorphisms at : ili J^i for < i < 1 by 

at{u}uj') = oj'lo for e fij, g ; 

ujuj' stands for the image of [uj^uj') under the given map fif x ili-t — > 
similarly, the map fii-t x fij — > J7i is used in the right-hand side. These auto- 
morphisms are an action of the circle T = M/Z on ili. Its measurability appears 
to be equivalent to measurability of the action T of M on fi. 

It is not clear, whether the time dependence of (Gt, ^t) is really essential, or 
not. The question may be formalized as follows. 

By a Borel semigroup we mean a semigroup G equipped with a a-field B 
such that the measurable space (G, B) is standard, and the binary operation 
(x, y) 1-^ xy is a measurable map {G x G,B B) ^ (G, B). 

Given a Borel semigroup G, by a G-fiow we mean a family {Xs^t)s<t of 
G- valued random vari ables Xs^t (given for all s, t S K, s < i on some probability 



space), satisfying |3b2| (a,b) 



3d7 Question, (a) Does every noise correspond to a G-flow (for some Borel 
semigroup G)? 

(b) More specifically, is the following statement true? For every noise 
[{Q, P), {J^s,t)s<t, {Th)h) there exists a Borel semigroup G and a G-flow 
{Xs,t)s<t such that for all s, t, ft, e K, s < t, 

Ts,t is the cr-field generated by Xs^t , 
XsA oTh — Xs+h,t+h a-s, 

and in addition, there exists a Borel map i : G ^ (0, oo) ('graduation') such 
that 

L{Xs.t) = t — s a.s. whenever s < t , 
L{9i92) = L{gi) + L{g2) for aU 51,^2 S G. 

A straightforward idea is, to use the disjoint union G = ^(^(o.oo)^* = 
{(t,Lu) : < t < 00, Lu G rij}, put L(t,Lu) = t and combine the given maps 

X fit — + ^s+t into a binary operation G x G ^ G. However, the matter 
is more subtle than it may seem. The binary operation must be defined and 
associative everywhere (rather than almost everywhere). Does it constraint the 
noise somehow? 

The convolution fi^v of two probability measures (1,1/ on a Borel semigroup 
G is defined evidently (as the image of fi x v under {x,y) '—^ xy). A (one- 
parameter) convolution semigroup (/it)te(o,oo) in G is defined accordingly and 
may be treated as a special (stationary) case of a convolution system (as defined 



by 3bl). If it is separable, we get a G-valued flow system {Xs^t)s<t (recall 3b4, 
3b5), and in addition, automorphisms Th of the corresponding probability space, 
satisfying X^^t ° Th = X^+h^t+h- 
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3d8 Question. Is Th{u)) jointly measurable in w and /i? In other words: does 
every separable convolution semigroup (in every Borel semigroup) lead to a 
noise, or not? 



Finally, we have to prove two claims formulated without proof in Sect. 



namely, Proposition 2a3 and the last phrase of Sect. 



Proof (sketch) of Prop. 2a3. Treating the given convolution semigroup as a (sta- 
tionary) convolution system, we see that it is separable, since the corresponding 
flow system {Xs^t)s<:t-s,teT on any countable T C M satisfies -^a,, .t„ ~» ^s.t 
probability whenever s < s 



t s and tn I t (which follows from 2al(c 



m 

and 



(2a2)), provid ed th at s, t, s„, t„ G T. The latter restriction becomes unnecessary 
after applying 3b5, □ 



DIGRESSION: STATIONARY PROCESS 

Stationarity of a random process X : M ^ Lo{^) is usually defined by the 
probability theory in terms of (finite-dimensional) joint distributions; they must 
be invariant under time shifts. On the other hand, the ergodic theory usually 
defines stationarity in terms of a measurable action T : M ^ Aut(Sl) such that 
XfoTfi — Xt+h- The two definitions are equivalent under appropriate conditions, 
formulated below. However, stochastic flows are random processes on the two- 
dimensional domain {(s,t) : — oo < s < t < 00} rather than R, which is taken 
into account by our general formulation. 

3d9 Lemma. Let i? be a set, {Sh)h£R a one-parameter group of transformations 
Sfi ■ E ^ E, and X : E ^ Lq{VI,!F ,P) a random process satisfying two 
conditions: 

(a) for all n — 1,2,... and all ei,...,e„ £ the joint distribution of 
X(S'ft,(ei)), . . . ,X(5/i(e„)) does not depend on ft, e M; 

(b) for all e & E, the map h ^ X{Sh{e)) from R to Lo{n,T,P) is Borel 
measurable. 

Then there exists one and only one measurable action T : R ^ Aut(il) such 
that 

X(e)oTh^XiSh{e)) a.s. 

for allee E, he M. 

Proof (sketch) . For each h separately, existence and uniqueness of T/,, follow 
from [|7| 15.11 and 17.46]. In order to prove Borel measurability of T it is 
sufficient to prove that h 1-^ X o Tf^ is a. Borel measurable map R Lq{U) 
for every X e Lo(^)- The set of all X possessing this property is closed, and 
contains f{Xi, . . . , X^) whenever it contains Xi, . . . , X„, for every Borel mea- 
surable (fi : M" R. Also, the set generates the cr-field JF, since it contains all 
X{e) (because the map h 1-^ X{Sh{e)) = X{e) o Th is Borel). Therefore the set 
is the whole £o(R)- □ 

The group R may be replaced with an arbitrary Borel group (which will not 
be used). 
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END OF DIGRESSION 



Recall that the notion 'topo-semigroup' was defined in 2al. Every topo- 
semigroup is also a Borcl semigroup. 

Proof (sketch) of the last phrase of Sect. |2^. "Every weakly continuous convo- 
lution semigroup in a topo-semigroup leads to a stationary flow and further to 
a noise". 



The flo w is g iven by 2a2 ; it remains to prove measurability of the time shift 
action. By [3d9| it is sufficient to prove that the map h i-^ Xgj^h^t+h from M 
to Lq{Q. G) is Borel measurable. A stronger claim will be proven: Xs,t is 
jointly measurable in s, t. First, for every s the function 1 1— > Xg^t from (s, oo) to 
L^iyi G) is right-continuous, therefore Borel measurable. Second, for every t 
the function s i— *■ Xg^t from {—oo,t) to L{)[Q — > G) is left-continuous, therefore 
Borcl measurable. It follows that X^^t = Xr.gXg^t is a Borel measurable function 
of r, t. □ 



In fact. Condition 2a3(c) may be weakened to Xny — > y and yz„ y (instead 
of Xnyzn y)', it still leads to a noise (but |2a3K d) could fail). Separability is 
achieved by X^^t — linim lim„ Xs^.f„ (rather than lim„Xs^^(^). 



4. Stability and sensitivity 

4a. Morphism, joining, maximal correlation 

The idea, presented in Sect. is formalized below. 

4al Definition. Let ((f^i, Pi), {J'Z^)s<t) and ((f^2, ^2), {J'l^t)s<t) be two con- 
tinuous products of probability spaces. 

(a) A morphism from the first product to the second is a morphism of prob- 
ability spaces a : fli ^ 0,2, measurable from (fli^Tg^^) to {02,^^^^) whenever 
s <t. 

(b) An isomorphism from the first product to the second is a morphism a 
such that the inverse map exists and is also a morphism (of the products). 

If a morphism of products is an isomorphism of probability spaces then it is 
an isomorphism of products. 

4a2 Example. Let (Bj^-* , i3p-')fg[o be the standard Brownian motion in 
R^, and (^{Cli, Pi), {Tg^f)s<t) be the continuous product of probability spaces 
generated by the (two-dimensional) increments {B^^^ — si^^iJp^ — i?s^^). Let 
(^(ri2, P2), {J^s^t)s<t) correspond in the same way to the standard Brownian 
motion (-Bt)fg[o,oo) in K. Then for every e K the formula 

Bt = B^t'^^ cos ip + sin ip 

defines a morphism (not an isomorphism, of course) from the first product to 
the second. 



B. Tsirelson/Nonclassical flows and products 



31 



4a3 Definition. A morphism from a noise to another noise is a morphism 
a between the corresponding continuous products of probabiHty spaces that 
intertwines the corresponding shifts: 



for every h e 



Similarly to Example 4a2 we have for each (p a morphism from the two- 



dimensional white noise to the one-dimensional white noise. 

4a4 Example. The homomorphism fa.b,c ^ a from the semigroup Gtf3 {— G 
of Sect. pd| ) to (M, -|-) leads to a morphism (not an isomorphism) from the noise 
of stickiness to the (one-dimensional) white noise. The same holds for the noise 
of splitting. 

4a5 Definition. A joining (or coupling) of two continuous products of prob- 
ability spaces ((ill, Pi), (J^j\^)s<t) and ((f72, -P2), (.^i^(^)s<t) consists of a third 
continuous product of probability spaces ((il, P), {J's.t)s<t) and two morphisms 
a : r2 ^ ill, : r2 ^ £^2 of these products such that T -oo.oo is generated by 
a, (3 (that is, by inverse images of t'^^Io.qo and T^}^ ^o)- 

Each joining leads to a measure on fii x Q.2 with given projections Pi,P2; 
namely, the image of P under the (one-to-one) map uj 1-^ (a(a;), /3(w)). Two 
joinings that lead to the same measure (on Vli x Vt2) will be called isomorphic. 

A joining of a continuous product of probability spaces with itself will be 
called a self-joining. A symmetric self-joining is a self-joining (a, (3) isomorphic 
to (/3, a). For example, every pair of angles 1^9, '0 leads to a symmetric self-joining 
of the (one-dimensional) white noise. 



(4a6) 



Bto a — Pj cos ip + Pp-* sin ip , 
Bto (3 = Pp^ cosV- + Pp^ sinV- . 



Only the difference |(p — V'l matters (up to isomorphism), thus, we have a one- 
parameter family of self-joinings; p = cos{ip—ip) € [—1, 1] is a natural parameter. 
In fact, this family exhausts all self-joinings of the one-dimensional white noise; 
therefore, they all are symmetric. However, the two-dimensional white noise 
admits also asymmetric self-joinings. For example, the self-joining satisfying 

Pp) o /3 = (Pp) o a) cos^ - (Pp) o a) sin^ , 
B\ > o 13= {B\ ' o a) sin ip + {B\ ' o a) cos ip 

is symmetric if and only if simp = 0. 

Every joining (a, (3) of two continuous products of probability spaces has its 
maximal correlation 

p'°'^'^(a,/?) =sup|E(/oa)(.9o/3)|, 
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where the supremum is taken over all / G L2(f^i, -Pi), .9 S i2(f^2, ^2) such that 
E/ = 0, Eg = 0, Var/ < 1, Varg < 1. (All L2 spaces are real, not complex.) 
The product structure is irrelevant to the 'global' correlation p™^^{a,(3), but 
relevant to 'local' correlations p™f'^(a,/3); here the supremum is taken under an 

additional condition: / is .F^^'' -measurable, and g is J^f^j''-measurable. Surpris- 
ingly, the global correlation is basically the supremum of local correlations over 
infinitesimal time intervals. 

4a8 Proposition. p^^f^{a,l3) — max(p™f''(a, /?), p™f''(a,/3)) whenever r < 
s <t. 

Proof (sketch). Generally, L2(Tr,t) = L2(Tr,s) ® L2(Ts,t) = (ffi ® Ll{Tr,s)) ® 
(R ® Ll{J's,t)) = M «) M ® R ® Ll{Ts,t) ® Ll{Tr,s) ® K ® Ll{Tr,s) ® Ll{Ts,t), 
where M is the one-dimensional space of constants, and L^{. . . ) — its orthogonal 
complement (the zero-mean space). We apply the argument to JF^^^ and JF^^^ 
decompose / and g into three orthogonal summands each (K. (g) M does not 
appear), and get the maximum of p^^f^ and p^^^'^pff^. □ 



In fact, p^'^^{a, (3) = cosj ip—'ip) for the self-joining (^a6|); however, p"^^^{a, (3) 



1 for the self-joining ( 4a7 ), irrespective of 



4b. A generalization of the Ornstein- Uhlenbeck semigroup 

Here is the 'best' self-joining for a given maximal correlation. (See also p6| , 
Lemma 2.1].) 

4bl Proposition. Let {{fl, P), {Ts,t)s<t) be a continuous product of probabil- 
ity spaces, and p G [0, 1]. Then there exists a symmetric self-joining {ap,l3p) of 
the given product such that 

p--'^(a„/3p)<p 

and 

|E(/oa)(/o/3)| <E(/oa,)(/o/3,) 

for all / e -^2(^1) and all self-joinings {a, (3) satisfying p™'*'^(q;, /3) < p. 
The self-joining {ap,(3p) is unique up to isomorphism. 



DIGRESSION: THE COMPACT SPACE OF JOININGS 

Here we forget about continuous products and deal with joinings of two 
probability spaces. Let them be just [0, 1] with Lebesgue measure; the nonatomic 
case is thus covered. (Atoms do not invalidate the results and are left to the 
reader.) Up to isomorphism, joinings are probability measures p on the square 
[0, 1] X [0, 1] with given (Lebesgue) projections to both coordinates. They are a 
closed subset of the compact metrizable space of all probability measures on the 
square, equipped with the weak topology (generated by integrals of continuous 
functions). Surprisingly, the topology of [0, 1] plays no role. 
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4b2 Lemma. Let fi, ni, ^2, ■ ■ ■ be probability measures on [0,1] x [0,1] with 
Lebesgue projections to both coordinates. Then the following conditions are 
equivalent: 

(a) / / dfin J f dfJ- for all continuous functions / : [0,1] x [0, 1] — > R; 

(b) Hn{A X B) ^ fi{A X B) for all measurable sets A,Bd [0, 1]; 

(c) J f{x)g{y) ^inidxdy) J f{x)g{y) fi{dxdy) for all f,ge L2[0, 1]. 

Proof (sketch), (c) (b): trivial; (b) (a): we approximate / uniformly 
by functions constant on each x 

(a) =4> (c): we choose continuous fe,ge such that |j/ — < e and \\g — 
9e\\ !i £ (the norms are in L2[0, 1]). We apply (a) to the continuous function 
{x,y) 1-^ fe{x)ge{y) and note that // \f{x)g{y)- fe{x)ge{y)\ finidxdy) < ||/||||.g- 

5e|| + ||/-/e|||1.9e||. □ 

(It is basically Slutsky's lemma, see Lemma 0.5.7] or [|[ Th. 1]; see also 
[H Lemma B3].) 

We see that all joinings (of two given standard probability spaces) are (nat- 
urally) a compact metrizable space. 

Here is another (unrelated to the compactness) general fact about joinings, 
used in the sequel. It is formulated for [0, 1] but holds for all probability spaces. 

4b3 Lemma. Let /ii,/i2,... be probability measures on [0,1] x [0,1] with 
Lebesgue projections to both coordinates. Then there exists a sub-cr-ficld 
of the Lebesgue cr-field on [0, 1] such that 

J J \ f{x) — /(j/)|^ /^„(da;dj/) -^0 if and only if / is jF-measurable 

for all / e i2[0,l]. 

Proof (sketch). For each n the quadratic form £„(/) = J \ f{x)—f{y)\^ fin{dxdy) 
satisfies f„ (To/) <£„(/) for every T : R ^ R such that |r(a)-r(6)| < |a-&| 
for all a, 6 G R. (Thus, £n is a continuous symmetric Dirichlet form.) The set E 
of all / such that Sn{f) — > is a (closed) linear subspace of L2[0, 1], and f G E 
imphes To f £ E. Such E is necessarily of the form L2{J^), see for instance [ p^ 
Problem IV.3.1]. □ 

Note also that every joining (a, (3) leads to a bilinear form (/, g) i-^ E (/ o 
a){go (3) and the corresponding operator Ua^p : ^2(0, 1] L2[0, 1], {Ua^pf,g) = 
M{f o a){g o f3). Generally Ua.js maps one L2 space into another, but for a self- 
joining we deal with a single space. Clearly, Ui3^a ~ {Ua.fi)*] Ua,i3 is Hermitian 
if and only if the joining is symmetric. 

END OF DIGRESSION 



Proof (sketch) of Proposition 4bl. Uniqueness: a self-joining (a,/3) is uniquely 
determined by its bilinear form (/, (7) E (/ o a){g o /3), therefore a symmetric 
self-joining is uniquely determined by its quadratic form f 1-^ M (f o a){f o f3). 
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Existence. First, on the space 17 x £7 we consider the maps ap{ijJi,uj2) = i^i, 

Pp{uJi,u!2) = W2 and the measure Pq = pPdiag + (1 — p)P x P-, here Pdiag is the 
image of P under the map uj l—^ {u;,lu). We get a symmetric self-joining of the 
probabihty space (SI, P), but not of the continuous product {Ts^t JsKt- Note that 
|E(/ o «)(/ o f3)\ < (E/)2 + pVar/ = /(/ o ap)(/ o /3p)dPo for aU / e L^i^) 
and all self-joinings (a,/3) satisfying p"^'^^{a,(3) < p. 

Second, we apply the same construction to fi^oo.o and Qo,oo separately, and 



consider Pi = P-oo,o x Po.oo- Similarly to the proof of Proposition 4a8 we see 
that |E (/ o «)(/ o /3)| < /(/ o ap)if o f]^) dPi < /(/ o ap)(/ o p^,) dPo for all 
/ G L2{^) and all self-joinings {a, (3) satisfying p™^^{a,f3) < p. 

Third, we do it for every decomposition Q — fl-oo.ti x ^ti,t2 x • • • x fit„_i,tn x 
^t„,oc and get a net of measures, symmetric self-joinings, and their quadratic 
forms 



(4b4) 



K,...,tJ = ^{pfk + {l-p)Efk), 

n 

{UL..,tJJ) = n((^/fc)' + /'Var/,) 



k=0 



for / = /o (g) • • • (g) /„, /o e L2(f^-oo,ti), /l e L2(f7ti,f2), ...,/„ e -L2(f7t„,oo)- 

The net converges (in the compact space of joinings) due to monotonicity of 
the net of quadratic forms. The limit is a symmetric self-joining {ap,Pp) of the 
continuous product of probability spaces. It majorizes |E(/ o a)(/ o /3)|, since 
every element of the net does. □ 

See also 5b4]. Basically, each infinitesimal element of the data set is 
replaced with a fresh copy, independently of others, with probability 1 — p. 
Doing it twice with parameters pi and p2 is equivalent to doing it once with 
parameter p — pip2- In terms of operators — Uap.p^ ■ L2{fl) L2{fl) it 
means 11^^11^^ = 11^^^^; a one-parameter semigroup! It seems to lead to an 
r2-valued stationary Markov process {Xu)ui£R, : Q ^ Q, such that for every 
u > the pair (Xq,Xu) is distributed like the pair {ap,(3p) where p = e~". 
However, L2{Ct) is separable only in classical cases. 

If the given continuous product of probability spaces is the white noise 
then the Markov process is the well-known Ornstein-Uhlenbeck process (infinite- 
dimensional, over the Gaussian measure that describes the white noise). 

The proof of the relation If'^U''^ = IJf^f^ is an easy supplement to the proof 



of Proposition 4bl; an elementary check for each element C/f^ of the net, 
and a passage to the limit. In the same way we prove that the spectrum of the 
Hermitian operator V is contained in {1, p, p^, . . . } U {0}. The spectral theorem 
gives the following. 

4b5 Proposition. Let ((SI, P), {Ts,t)s<t) be a continuous product of probabil- 



ity spaces, (ofp, /3p) the self-joinings given by Prop. 4bl, and V the correspond- 



ing operators, that is, E (/ o ap){g o (3p) = (Wf^g) for all f,g € ^2(^1). Then 
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there exist (closed linear) subspaces i?o, Hi,H2, ■ ■ ■ and Hoo of 2^2 (f^) such that 

L2{n) ^ {Hq ® Hi ® H2 ® . . .) ® 
(that is, the subspaces are orthogonal and span the whole L2{^)), and 

UPf = p''f for/ei/„,pe [0,1], 
UPf^O for/ei/oc,pe [0,1). 

Of course, U^f = f for all /. The semigroup {U'')p is strongly continuous 
if and only if dimi?oo — 0. Note also that Hq is the one-dimensional space of 
constants. 

The spaces Hn may be called chaos spaces, since for the white noise is 
the n-th Wiener chaos space (and dimffoo = 0). 

4c. The stable a-field; classical and nonclassical 

4cl Definition. Let ((il, P), {J-s.t)s<t) be a continuous product of probability 
spaces. 

(a) A random variable / G L2{^) is stable if there exist symmetric self- 
joinings (q!„,/?„) of the continuous product such that 

(a„, /?„) < 1 for every n , 
E 1/ o On ^ / ° ^ as n — > 00 . 

(b) A random variable / € iv2(ri) is sensitive if E {f o a){g o /3) = for all 
g S L2{^) and all symmetric self-joinings (a,/3) of the continuous product such 
that p'^'^^'ia^p) < 1. 



4c2 Theorem. (Tsirelson 2.5], |40, 5bll]) For every continuous product of 
probability spaces ((fi, P), {J^s,t)s<t) there exists a sub-cr-field J^^*-^'^^° c T-00,00 
such that 

/ is stable if and only if / is ^^^''^'^''^-measurable , 
/ is sensitive if and only if E ( / 1 jr^'^bie^ ^ q 

for all / e L2{n). 

Proof (sketch). Let (a,/3) be a symmetric self-joining, p^^'^{a^0) < p. Rewrit- 
ing the inequality E (/ o a){f o /3) < E (/ o ap){f o /3p) as E |/ o a - / o > 
IE 1/ o ttp — / o /3pp we see that / is stable iffE|/oQ!p — / o/3pp as p ^ 1. 
Lemma 4b3 gives us a a-field J^^^tabic g^^,]^ ^j^g^^ j stable iff / is J^''*'*'''°-mea- 
surable. Also, / is stable iff {Iff, f) ||/||^ as p ^ 1 — , that is, / is orthogonal 

to -ffoo- 

We have |((7„,/3/, /)| < ((7"/, /) for all /, therefore \{Uo.,pf, f)\ < ^WIJ) 



{UPg, g). Rewriting sensitivity of / in the form \/a, p\/g {Ua.pf, (?) = we see 
that / is sensitive iff f = for all p < 1, that is, / G iJoo- CH 
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4c3 Theorem. For every continuous product of probability spaces ((fi, P), 
{J-s.t)s<t) there exists a symmetric self-joining (ai_,/?i_) of the given product 
such that 

E(/oai_)Cgo/?i_)=E(/5) 
if f. g E ^2(51) are stable, but 

E(/°«i-)(5°/3i-) -0 

if / G i2(f^) is sensitive (and g G L2(f^) is arbitrary). The self-joining (ai_, 
is unique up to isomorphism. 

Proof (sketch). Just take the limit of (ap,/3p) in the (compact!) space of join- 
ings, as p ^ 1—. □ 

See 'the l--joining' in |4|, Def. 2.2]; see also ||, Sect. 1 (for p = 0)]. 

4c4 Definition. A continuous product of probability spaces is classical, if it 
satisfies the following equilavent conditions: 

(a) all random variables are stable; 

(b) no random variable is sensitive; 

(c) the stable sub-a-field JT'^tabio ^-j^g ^j^^jg cr-field T. 

A noise is classical if the underlying continuous product of probability spaces 
is classical. 



Equivalent definitions in terms of M-flows (Levy processes) exist, see ph% 



6c|. See also g Sect. 5b, especially Def. 5b5], and ||, 2.5]. 

4c5 Remark. The continuous product of probability spaces, corresponding to 
a flow system {Xs^t)s<t, is classical if and only if random variables ip{Xs^t) are 
stable for all s < i and all bounded Borel functions (p : Gs,t ^ K. (a single (p is 
enough if it is one-to-one). 

Proof (sketch). If each ip{Xs.t) is jF''*'^'''°-measurable then J^^*-^^^'^ — since 
is generated by these (p{Xs^t)- □ 



4d. Examples 

The time set implicit in Sections ^a|-^ is not necessarily R; a subset of R (or any 
linearly ordered set) is also acceptable. In particular, the theory is applicable to 
the 'singularity concentrated in time' cases of Sect. I. 

The Zm-flow XtB [— X of Sect, [l^) generates a continuous product of prob- 
ability spaces over the time set {0, 1,2, . . .} U {00}. Random variables Xg^s+i 
are stable; indeed, a single (indivisible) element of the data set is replaced with 
probability 1 — p, therefore P (^Xg.s+i octp ^ Xg.s+i ° (3p) < I — p- It follows that 

t = Xs^s+i ■ ■ ■ Xt-i,t is stable whenever s < t < 00. Of course, Xg t, being a 
Zm-valued random variable, is not an element of L2(^)- By stability of Xg t we 
mean stability of Lp{Xg_t) for every Lp : Z„j M. 
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In contrast, the random variable Xq^oo is sensitive by Prop. |lcl[ The same 
holds for Xs^oo- More exactly, il]{Xs^oo) is sensitive for every ij^ : Z„i M such 
that E'0(Xs,oo) = 0. Sketch of the proof (see also Sect. |l^ for m — 2): 

Xs.oo OCtp- Xs.oo O /5p = + 1 OCtp- Xs^s+1 ° Pp) -\ 1- 

+ {Xt-l,t O ttp - Xt^i^t O Pp) + iXt,oo O ttp - Xt,oo O Pp) , 

the summands being independent. For large t the sum from s to t is distributed 
on approximately uniformly, therefore X^^oo ° ctp ^ Xs,oo ° Pp is uniform. 
The same holds conditionally, given ap (that is, X^^t ° OLp for all r, t including 
t = oo). 

We see that random variables of the form lp{Xq^i, ^1,2, ■ • ■ ) are stable, and 
random variables of the form Lp^X^^i, Xi^2, ■ ■ ■ )V'(^o,oo) are sensitive (as before, 
Sxez™ ^(■^) = '-')■ Their sums exhaust L2{^). Therefore ^^^tabic generated 
by Xo^i,Xi,2, . . . ; random variables Xg^oo are independent of J^^tabic (■gg^^j^ 
separately) . 

The T-flow Y\3 (over the time set [0, oo)) behaves similarly: J^^^tabic jg ggjjgi-. 
ated by y^^t for < s < t < oo; random variables lo.t are independent of 
(each one separately). 

We turn to the noises of Sect. ^ splitting and stickiness. These two may 
be treated uniformly. Below, G is either Go or Gol. The Brownian motion 
{Bt)t ~ {o-o,t)t generates (via increments) sub-a-fields J^J^t^*"^ C J^s,t- It will be 
shown that jr^tabio ^ jpwhito^^ 

The Brownian motion {Bt)t has the predictable representation property w.r.t. 
the filtration {J--oo,t)t- That is, every local martingale {Mt)t in this filtration 
is of the form Mt — M^oo + jl .^s di?s for some predictable process {ht)t (in 
the considered filtration); see psf Def. V.4.8]. Note that Mt and ht need not be 
:?^r^*f-measurable. 

Proof (sketch) of the predictable representation property. We may restrict our- 
selves to a dense set of martingales, namely, Ms = E (iy9(XfQ_tj , . . . , Xf^ ^^t^) 
\^-oo,s) where ip : G" R is a bounded measurable (or even smooth) func- 
tion, — oo < <o < • • • < tn < OO, and {Xs^t)s<t stands for the given G-flow. 
When s e [tk-i,tk], we deal effectively with the case Mg — E('i/j(Xr,t) | J^r,s), 
— oo < r < i < oo, to which we may restrict ourselves. By independence of Xr^s 
and Xs^t, 

Ms = u{Xr.s,t ~ s) , where u : G x R — > M is defined by 
u{x,t) = / ipixy) utidy) , 



JG 

and (/it)f is the given convolution semigroup in G. 

The semigroup G is in fact a smooth manifold with boundary, and the func- 
tion u is smooth up to the boundary (which can be checked using explicit for- 
mulas for /it and the binary operation in G). The random process {Xr.s)selr,t] 
is a diffusion process on the smooth manifold G; it is a weak solution of a 
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stochastic differential equation driven by {Bs)s- Ito's formula gives the needed 
representation. □ 

By a Brownian motion adapted to a continuous product of probability spaces 
P), {!Fs^t)s<t) we mean a family {Bt)tm of random variables Bt such that 

Bt — Bg is jFs.f-mcasmablc, and distribntcd normally N(0,t — s) 

whenever — oo < s < t < oo; and in addition, Bq = 0. Note that the n-th Wiener 
chaos space over (-Bt)t is included into the chaos space i?„ over the continuous 
product. 

4dl Proposition. Let ((f2, P), {Ts,t).s<t) be a continuous product of probabil- 
ity spaces, and (-Bt)t a Brownian motion adapted to the continuous product. If 
{Bt)t has the predictable representation property w.r.t. the filtration {T-oo,t)t, 
then the sub-cr-field generated by {Bt)t is equal to ^^tabie 

Proof (sketch) . The sub-cr-field jr^hito generated by {Bt)t is contained in jP'^tabie^ 
since Wiener chaos spaces (with finite indices) exhaust the corresponding L2 
space. We have to prove that jP^hite _ptabie 

Every / e L^(0) is of the form / = ht dS*. We have 



{UPf,f)=p {U'>ht,ht)dt, 



((/ htdBt)oap,{JhtdBt)oPp) = {J{htoap)d{Btoap)J{htof3p)d{Bto(3p)) = 

= JQito ap){ht o I3p) d{Bt o ap, Bt o Pp) . 

^ V ' 

=p dt 

In particular, if f & Hi (the first chaos) then 

pj (JMitMdt={U''fJ)=p\\ff= J Whtfdt, 

<\\htF 

that is, ||/it|P = {Whi.hi), which means that ht G Hq is a constant (non- 
random) for almost every t. Therefore f = J ht dBt is J^'^'^'*''-measurable, and 
we get 

Hi c LaCJ^^''"') . 

Further, let / G H2, then ht are orthogonal to Hq (since / is orthogonal to Hi), 
therefore {Ifhtjht) < p||/ifp. On the other hand, 

pj{upht,ht)dt = {upf,f) = p''\\ff = p'' I Whtfdt, 



^Usually (•, ■) stands for the scalar product, but now it will denote the predictable quadratic 
(co)variation. 
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that is, = {IJPhtjht), which means that ht S Hi for almost all t. It 

follows that ht is jr'"^'*°-measurable; therefore / is JF^'^'^'^-measurable, and we 
get 

And so on. Finally, 

5. Continuous products: from probability spaces to Hilbert spaces 
5a. Continuous products of spaces L2 

If (f2i,Pi), ($12,^2) are probabihty spaces and = (r2i,Pi) x (r22,P2) is 

their product, then Hilbert spaces Hi — L2{^i, Pi), H2 = L2{^2, P2), H = 
L2{fl, P) are related via tensor product, 

H = Hi®H2. 

In terms of bases it means that, having orthonormal bases {fi)i^i in Hi and 
{gj)jej in H2, we get an orthonormal basis (/i (8) 9j)(i.j)eixj in H; here 

(/ ® g){LJi,uj2) = f{uji)g{uj2) for uji £ fli, ^2 G il2 • 

Complex spaces L2((fi, P) C) and real spaces L2((51, P) — > K) may be used 
equally well. 

In other words: having a probability space (f2, P) and two sub-cr-fields 
Ti,T2 C T such that Ti® T2 = T (recall ( ^c2| )), we introduce Hilbert spaces 
Hi = L2{Ti) (that is. Hi = L2{n,Ti,P)), H2 - ^2(^2), H = L2{T) and get 
H = Hi®H2- This time, f®g is just the (pointwise) product of the two functions 
/, g on r2; note that these are independent random variables. In addition we 
have Hi d Hi ® H2 and H2 C Hi ^ H2, which does not happen in general. 
Here it happens because of a special vector 1 (the constant function on il) of 
Hi (and H2); H2 is identified with 1® H2 d Hi® H2. 

Given a continuous product of probability spaces (fi, P), {!Fs^t)s<t (as defined 



by 3cl), we introduce Hilbert spaces 

Hs,t = L2{Ts,t) ioT s <t; 
Hr,t — Hr,s ® Hs.t for r < s < t . 

A unitary operator is a linear isometric invertible operator between Hilbert 
spaces (over R or C). The group of all unitary operators H ^ H will be denoted 



U(-ff). Here is a counterpart of Def 3c6 



5al Definition. A continuous product of Hilbert spaces consists of separa- 
ble Hilbert spaces Hg^t (given for all s,t £ [—00,00], s < t; possibly finite- 
dimensional, but not zero-dimensional), and unitary operators i?r,s ^ Hs^t 
Hr,t (given for all r,s,t G [—00,00], r < s < i), satisfying the associativity 
condition: 



{fg)h = f{gh) for aU / G Hr.s, g G ffs,t, h G Ht, 
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whenever r,s,t,u £ [—00,00], r < s < t < u. Here fg stands for the image of 
/ (g) g under the given operator Hr^s ^ Hg^t Hr^t- 

Note the time set [—00, 00] rather than M. Enlarging R to [—00, 00] is easy 



when dealing with probability spaces (as noted after Def. 3cl) but not Hil bert 
spaces. Any linearly ordered set could be used as the time set in Def. 5al; 
however, existence of the least and greatest elements (±00) will be used in 
Sect. The time set R will be treated in Sects. |5^, ^ in the stationary setup. 
Homeomorphic time sets [—00,00] and [0, 1] are the same in the general setup 
( pa| pb| ) but quite different in the stationary setup (^, 5d). 



Every continuous product of probability spaces leads to a continuous product 
of Hilbert spaces. 

Given a continuous product of Hilbert spaces (i?s,t)s<t, we may consider the 
disjoint union £ of all H^.t^ 

s<t 

and a partial binary operation 

{{r,sj), {s,t,g)) i-> {r,t,fg) 

from a subset of £ x £ to £; namely, a pair ((si, ti, /i), (s2, t2, /2)) belongs to 
the subset iff ti — S2. The operation is associative. 

If the continuous product of Hilbert spaces corresponds to a continuous 
product of probability spaces, then all Hs.t are embedded into H — i?-oo,oo, 
therefore £ is a subset of R x M x _ff . It is a Borel subset. Sketch of the proof: 
the function (s,t, /) 1— > dist(f, Hg^t) is Borel measurable, since it is continuous 
unless s or < belong to a finite or countable set of discontinuity points (recall 
i). 

The set £ inherits from R x R x the structure of a standard measur- 
able space. The domain of the binary operation is evidently Borel measurable. 
And the binary operation is (jointly) Borel measurable. Sketch of the proof: the 
(pointwise) product (/, g) 1-^ /g is a continuous map L2{^,P) x L2{fl,P) 
Li{n,P). 

DIGRESSION: MEASURABLE FAMILY OF HILBERT SPACES 

Dealing with a Hilbert space that depends on a (non-discrete) parameter, 
one should bother about measurability in the parameter. To this end we choose a 
single model of an infinite-dimensional separable Hilbert space, say, the space I2 
of sequences; and for each n, a single model of an n-dimensional Hilbert space, 
say, the space Zj"'* of n-element sequences. These are our favourites. Given a 
standard measurable space (A", X), we have a favourite model {l2)xex of a family 
{Hx)xex of infinite-dimensional separable Hilbert spaces. The disjoint union 
l±la;gx ^2, being just A x Z2, is a standard measurable space. More generally, given 
a measurable function n : X {0, 1, 2, . . . } U {00}, we consider (^l^^^^'^^xex', 
here Zj""-* — I2. Still, 4"''^''' i^ ^ standard measurable space; indeed, it is 
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Uk{{x : n{x) = k} X I2 ) ■ The general case, defined below, is the same up to 

measurable, fiberwise unitary maps. 

5a2 Definition. A standard measurable family of Hilbert spaces (over a stan- 
dard measurable space {X, X)) consists of separable Hilbert spaces Hx^ given 
for all X G X, and a cr-field on the disjoint union \ijxex = {{x,h) : x G 
X,h £ Hx} satisfying the condition: 

There exist a measurable function n:X-^-{0,l,2,...}U{oo} and unitary 
operators Ux : 4"^^^^ ~* Hx (for all x € X) such that the map {x, h) 1— > {x, Uxh) 
is a Borel isomorphism of l+ljjgx ^2"^^^^ onto l+ljjgx Hx- 

Such a (T-ficld on l+J^.^^ will be called a measurable structure on the family 
{Hx)xex of Hilbert spaces. 

Instead of unitary operators Ux one may use vectors ek{x) = C/^efe where 
ei, 62, . . . arc the basis vectors of ^2- For each x vectors ek{x) are an orthonormal 
basis of Hx provided that dimJJa; = 00; otherwise the first n — dimifa; vectors 
are such a basis, and other vectors vanish. Also, x (x, ek{x)) is a measurable 
map X (for each k). These properties ensure that the map (x, h) i—^ 

{x, Uxh) is a Borel measurable bijective map l+J^-gx 4"'^^'''' ^ WxeJf map 
is a Borel isomorphism if and only if l+J^-gjif Hx is a standard measurable space. 

Given two standard measurable families of Hilbert spaces {H'^)xex, (H'^)xex 
over the same base (X.X), the family of tensor products (iJ,'. (E) H'J.)xex is 
also a standard measurable family of Hilbert spaces (according to U'^ ® U'^ : 

l{n'(x)n"{x)) ^ ^ ^(n"(a.)) _^ JJ'^ ^ H'^). 

5a3 Lemma. Let h'^ G and /i" G iJ" be such that h'^(^h'Jl. is measurable in x 
(that is, the map x 1-^ {x, h'^^h'^) from X to l+J,,.gjif H'^.®H'J. is measurable). Then 
there exists a function c : X ^ C \ {0} such that both c{x)h'^ and {l/c{x))h'^ 
are measurable in x. 

Proof (sketch). We may assume that \\h'^\\ = 1 and — 1 (since the norm 
is a measurable function of a vector). Also we may assume that H'^ = I2 and 
iJ" = I2 (finite dimensions are left to the reader). Consider the sphere £'(^2) = 
{h G I2 ■ \\h\\ = 1}, and the map (ft.1,/12) ^ hi ® h2 from S{l2) x S{l2) to 
15(^2 ® h)- Inverse image of eacli point of S{l2 ® h) is either empty or a compact 
subset of S{l2) X S{l2) of the form {{chi, (l/c)/i2) : c e C, |c| = 1}. There exists 
a Borel function ('selector') on the set of factorizing vectors of S{l2 h) that 
chooses a point from each inverse image. Applying the selector to h'^ (S) h" we 
get c{x)h'^ and {l/c{x))h'^. □ 

Assume now that {H'^)xi^x, {Hx)x^x are just families (not 'measurable'!) 
of Hilbert spaces, Hx = H'^ ® H", and a measurable structure B is given on 
{Hx)xGX- We say that B is factorizing, if it results from some measurable struc- 
tures B', B" on {H'^)xex, {H'^)xex- Generally, this is not the case. Indeed, a 
family {Ux)xi^x of unitary operators Ux G U(/2 ® h) in general is not of the 
form Ux = Vx{U'^ ® U'J.) where U'^, U'J. e \J{h) are arbitrary, but Vx e U(/2 h) 
is a measurable function of x. 
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Assume that B is factorizing, that is, B results from some B',B". Does B 
determine B', B" uniquely? No, it does not. Indeed, let c : X ^ C, |c(-)| = 1, be 
a non- measurable function. The transformation (cc, h) i— > (x, c{x)h) of l+j^-gx 
sends B' to another cr-field. Combining it with the transformation (x, h) ^ 
(x, {\/c{x))h) of l+lj-gx H'J. we get the trivial transformation of l+J^-gx H'^ ® 
since {c{x)K) ® {{\ / c{x))h'^) = h'^® h'^. 

5a4 Lemma. Let B[,B'2 be two measurable structures on {H'^)x£x and B'{,B2 
— on {H")x£x- Assume that the corresponding structures Bi,B2 on (i?^ (g) 
H'^)x^x coincide, Bi = B2- (Here Bi results from B[,Bi and B2 — from ^2 ■) 
Then there exists a function c : X ^ C such that |c(-)| = 1, the map {x,h) 1-^ 
{x, c{x)h) sends B'l to B2, and the map (x, h) ^ (x, (l/c(x))/i) sends B'l to 63 . 

Proof (sketch) . If vectors ipx,£,x G h are such that -i/j^, (g) is a measurable 
function of x, then c{x)^x and (l/c(x))^2: are measurable functions of x for 
some choice of c(-). Thus, if U'^ (g C/" is a measurable function of x then c(x)C/^ 
and (l/c(x))C/" are measurable functions of x for some choice of c(-). □ 

END OF DIGRESSION 

In the light of these general notions, we return to the continuous product of 
spaces L2 (equipped with a Borel structure before the digression) and see that 
E = l+Js<j Hs^t is a standard measurable family of Hilbert spaces. Sketch of the 

proof:^ let ei, 62, . . . span H and e^'j' be the projection of to Hg t C H , then 

efl, . . . span Hs.t, and e^^ is measurable in s, t (being continuous outside a 
countable set). Using orthogonalization (for each (s,t) separately; zero vectors, 
if any, are skipped) we turn e^l^} into an orthonormal basis of Hg f 

(k) 

In terms of basis vectors / , measurability of the partial binary operation 
means that its matrix element 

/p(fc)pW 

is a Borel measurable function of r, s, t G [—00, 00], r < s < t, for any k, I, m. 
5b. Continuous product of Hilbert spaces 

The measurable structure, introduced in Sect. ^ on l+J^^j i2(.^s,t)j exists also 
on y^^j Hs^t in general. 

5bl Theorem. For every continuous product of Hilbert spaces {Hs^t)s<t (as 
defined by p3alD there exists a measurable structure on the family {Hs^t)s<t of 
Hilbert spaces that makes the given map Hf^s ^ i?s,t — + i?r,t Borel measurable 
in r, s, t. 

^Similarly one can prove a more general fact: the family of all (closed linear) subspaces of 
a separable Hilbert space is a standard measurable family of Hilbert spaces. 
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In other words, there exist orthonormal bases {e^^})k in the spaces i?s,t such 

that (erf2e^'j, e^^') Borel measurable in r, s, t. Recall that ef}e'^\ is the image 

of er,s ® e's't inder the given map Hr,s ® Hs,t Hr,t- 

In Sect. spaces Hs,t are both subspaces and factors oi H ~ -ff-oo.oo; now 
they are only factors (in the sense that H may be treated as H^oo.s ® Hg^t ® 
Ht,oo), which means that a different technique is needed. 

DIGRESSION: FACTORS 

The algebra B{l2 'S) h) of all (bounded linear) operators on the Hilbert space 
h h contains two special subalgebras, B[l2) ® 1 — {A® 1 : A € B{l2)} and 
1 (g) B{l2) = {1® A: Ae B{l2)}. Recall that {A ® B){x ®y) = Ax® By, thus, 
{A ®l)[x®y) = Ax ® y and [1® A){x®y) = x® Ay. The two subalgebras are 
commutants to each other: 1 ® B{l2) ^ {A e B{l2 ® h) ■ Vi? € 6(^2) ® 1 AB = 
BA}. 

A unitary operator U G U(/2 ® h) transforms the two subalgebras in two 
other subalgebras, U{B{l2)®l)U-'^ and U{l®B{l2))U-^; still, they are commu- 
tants to each other. Of course, UiBih) ® 1)U-'^ = {UAU'^ : A e Bih) ® !}■ 
If U is factorizing, that is, U = U1U2 for some unitary Ui,U2 & B{l2) then 
U{J3{l2)®l)U-^ = ^(^2)®! and U{\®B{l2))U-^ = 1®B{12). And conversely, 
these two (mutually equivalent) relations imply factorizability of U . 

The set of all subalgebras A of the form U(B{l2)® 1)U~^ may be turned into 
a measurable space as follows. The ball {A s B{l2 ® h) '■ \\A\\ < 1} equipped 
with the weak operator topology is a metrizable compact topological space, 
and {A £ A : ||A|| < 1} is its closed subset. The set of all closed subsets of 
a metrizable compact space is a standard measurable space, known as Effros 
space, see 17, Sect. 12. C]. Thus, each algebra A = U{B{l2) ® 1)U~^ may be 
treated as a point of the Effros space. 

The set U(/2 ®l2) of all unitary operators, being a subset of the ball, is also 
a measurable space. It is well-known to be a standard measurable space (and in 
fact, a non-closed G^-subset of the ball), see 9.B.6]. 

5b2 Lemma, (a) The set A of aU subalgebras A of the form U{B{l2) ® 1)U~'^ 
is a standard measurable space. 

(b) There exists a Borel map A 1-^ C/4 from A to the space of unitary 
operators on I2 ® h such that 

A = Ua{B{12) ® 1)C/^^ for &\\Aek. 

Proof (sketch). The group G = U(/2 ® h) is a Polish group, and factorizing 
operators are its closed subgroup Go = U(^2) x U(^2)- Left-cosets gGo = {gh : 
h G Go} (for g € G) are a Polish space G/Gq |0, 1.2.3], and by a theorem of 
Dixmier (see ||l^, 12.17] or ||^, 1.2.4]) there exists a Borel function ('selector') 
s : G/Gq G such that s{gGo) £ gGo for all g. 

The map U 1-^ U{B{l2) ® 1)J7~^ is a Borel map G ^ A; indeed, for each 
A G Bih) the map U ^ U{A ® 1)U-'^ is Borel, and U{B{l2) ® 1)U-'^ is the 
closure of the sequence of U{Ak ® 1)U^^ where Ak are a dense sequence in 
B{l2)- Being constant on each .gGo, the Borel map G ^ A leads to a Borel map 
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G/Go A. The latter map is bijective, and A is a part of a standard measurable 
space. By a Lusin-Souslin theorem 15.2], A is a Borel subset, which proves 

(a) , and the inverse map A G/Gq is Borel. The map A G/Gq ^ G ensures 

(b) . □ 

END OF DIGRESSION 

We return to a continuous product of Hilbert spaces (-ffs,t)s<t and assume for 
simplicity that all Hs^t are infinite-dimensional. The family (i?-oo,t'8i^^t,oo)t6R of 
Hilbert spaces evidently carries a measurable structure (according to the given 
unitary operators H_oo,t ® Ht^oo — *■ H-ao,oo)- We will sec that the measurable 
structure is factorizing,^ which is close to Theorem ^bl| . Indeed, it means ex- 
istence of measurable structures on (-ff-oo,t)teR and (i/t,oo)teR that make the 
given map H-oo.t® Ht.oo ^ ff-oo.oo Borel measurable in t. Note that such mea- 
surable structures on {H^oo,t)tgR and {Ht^oo)teR are unique up to scalar factors 



(ct)tgH according to Lemma 5a4. 



For convenience we let -ff_oo,oo = H = l2®l2- For any i g R the given unitary 
operator Wt : H^oo.t®Ht,ao H sends B{H-oo,t)®'^ to an algebra A-ao,t & A. 
The function 1 1— )■ A-oc.t is increasing (s < t implies A-^oo,s C .4_oo,t)i therefore 
Borel measurable (and in fact, continuous outside a finite or countable set). 

Lemma 5b2 gives us unitary operators Vt on H — I2 ® h such that A-oo,t = 



VtiBih) «) l)Vt~^ for all t e K, and the map i i-^ Vt is Borel measurable. 
On the other hand, A-^,t = M^t(6(if_oo,t) ® l)Wf\ Thus, B{H_^^t) <S) 1 = 
{Vt~'^Wt)~^{B{l2) ® l)Vt~'^Wu which means that (V^Vt)"^ is a factorizing 
operator h h ^ H^oo.t ® Ht^oo\ 

W^^Vt = f/-oo,t ® Ut,^ 

for some unitary operators U-oo,t ■ h ^ ^-00. t and Ut. 00 ■ h ^t,oo- Oper- 
ators U-co,t define a measurable structure on (H^oo.t)ti£WL- The same for Ut^co 
and {Ht.oo)t£R- The partial binary operation ((t,a;), {t,y)) xy becomes Borel 
measurable, since xy = Wt{x ® y) — Vt{UZl^ f.x (g) U^^y) and Vt is measurable 
in t. 

The proof of Theorem |5bl| is similar. Algebras As,t G A, corresponding to 
Hs^t, are used. Joint measurability of As,t in s and t follows from the formula 
As,t = A-oo,t n As. 00 and a general fact: on a compact metric space, the inter- 
section of two closed subsets is a jointly Borel measurable function of these two 
subsets 0, 27.7]. 

Non-uniqueness of the measurable structure on (Hs^t)s<t is described by 
scalar factors {cs.t)s<t, Cg^t G C, \cs,t \ = 1 such that 

Cr.sCs.t = Cr,t whenever r < s < t 

(which means that Cs,t ~ ct/cs for some (ct)tgR; for example, one may take 
Ct = co,t for t > 0, ct ~ l/ct,o for t < 0, and cq — 1). The transformation 



^Similarly one can prove a more general fact: the natural measurable structure on 
^Aefi^^A ^ factorizing. Here the disjoint union is taken, roughly speaking, over all 

possible decompositions of I2 (or ^2(8^2) into the tensor product of two infinite-dimensional 
Hilbert spaces. The exact formulation is left to the reader. 
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(s,t, h) ^ (s, i, Cs^th) of ffs,t preserves the given maps iJ^.s ® Hg^t Hr 
but changes the measurable structure (unless Cg^t is measurable in s,t). 
See also ||, Sect. 1]. 

5c. Stationary case; Arveson systems 



Let {n,T,P), {J^s^t)s<t, {Th)hm be a noise (as defined by |3dl|), then {Ts^t)s<t, 
being a continuous product of probability spaces, leads to a continuous prod- 
uct of Hilbert spaces {Hs^t)s<t, while each T^, being a measure preserving 
transformation of (il,JF, P), leads to a unitary operator 6^ : H ^ H (where 
H = i/-oc,oo = L2{n,T,P)); namely, e\f = f o n for f ^ H. The one- 
parameter group (0'')/igR, being measurable (in ft,), is of the form 9*^ = exp(i/iX), 
where X (the generator) is a self-adjoint operator. Knowing that Th sends 
Ts,t to Ts+h,t+h we get unitary operators 6l^j : Hs^t — > Hs+h.t+h satisfying 
® 9^1 = ^r,t and 6*^'],^^ j_^^^6'3''t = 6'^t+''^ 

The property |3dl| (c) ensures that the global algebra .4_oo,oo = B{H-oa,oa) 
is gener ated by (the union of all) local algebras Ag^t, —oo < s < t < oo. See the 



proof of 6el(c =4> a); the same argument works here. As before, As,t is the image 
of 1 (g) B{Hs^t) ® 1 under the given map H—qq s ^ Hg t Ht,oo ^ -^—00,00 
'generated by' means here 'is the closure of (in the weak operator topology). 

5cl Definition. A homogeneous continuous product of Hilbert spaces consists 
of a continuous product of Hilbert spaces {Hs^t)s<t and unitary operators 9^ ^ : 
Hs t Hs+h.t+h (given for all /i G R and s,i S [— oo,c)o], s < i; of course, 
(—00) + h = (—00) and (-I-00) + h = (+00)) satisfying 

(a) 6'^_^ (g) 6*^4 = 6'^? t for -00 < r < s < t < 00 and ft e R; 

(b) 6l^+;,^_4+^^e^,t = 6'^';j+''^ for -00 < s < i < cx) and fti, fta e K; 

(c) there exists a self-adjoint operator X such that 9^^ ^ — exp(iftX) for 
ft e R; 

(d) y^_oo.oo is the weak closure of the union of all As,t foi' ^00 < s < t < 00. 
Every noise leads to a homogeneous continuous product of Hilbert spaces. 



Here are counterparts of Proposition |3d3| and Corollary 3d5 



5c2 Proposition. (Liebscher Prop. 3.4]; see also [Q, 4.2.1]). Every homo- 
geneous continuous product of Hilbert spaces satisfies the 'upward continuity' 
condition 

(5c3) As,t is generated by |^ As+e.t-e for ^co < s < i < 00 ; 
here —00 -I- e is interpreted as — 1/e and 00 — e as 1/e. 

Proof (sketch). Assume s,t gR (other cases, s = —00 and t = 00, follow via 



5cl(d)). It is enough to prove that Ar,sAs,t is generated by IJ Ar+e,t-e- For any 



A e Ar,s and B £ As,t, 
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weakly and even strongly, since ||e"^'^Ae 2ieX^gieXj _ ABf\\ < 
\\A\\ \\B\\ ||e-^/ - /II + Pll ||e-2-^i?/ - B/|| + ||e-^Ai?/ - Ai?/|| ^0. □ 

5c4 Corollary. (Licbscher Prop. 3.4]; see also 4.2.1]). Every homoge- 
neous continuous product of Hilbert spaces satisfies the 'downward continuity' 
condition 

(5c5) As,t = Pi As-e,t+e for all s,t eR, s < t; 

e>0 

here At^t is the trivial subalgebra, and —oo — e = —oo, oo + e = oo. 

Proof (sketch) . Every operator A e H As-e.t+e commutes with IJ A^oo,s-e and 



[jAt+e,oo, therefore (using Prop. 5c2) with A-oo,s and At^oo, which means A G 
As,f ' ' □ 

The two continuity conditions ('upward' and 'downward') make sense also 
for (non-homogeneous) continuous products of Hilbert spaces. Still , th e upward 
continuity implies the downward continuity. (Indeed, the proof of ^c4| does not 
use the homogeneity.) Unlike Sect. 3d, the converse is true. Systems of Sect. |^ 



do not lead to a counterexample! Especially, for the system of |T^, triviality of 
the limiting cr-field .Foo-,oo means that the limiting operator algebra yloo-,oo 
contains no multiplication operators; but still, it contains projections to the 
'superselection sectors' Hq, . . . ,Hjn_i. See also |6el -pe2, and Q, Lemma 1.5 



(and Example 4.3): (mu) =^ (md), but (Hu)^=^ (Hd). 



Definition 5c 1 may seem to be unsatisfactory, since it does not stipulate 
measurability of dgf.mh for finite s,t. Recall however the non-uniqueness of 
the measurable structure on {Hs^t)s<t- 

5c6 Theorem. For every homogeneous continuous product of Hilbert spaces 
{Hs^t)s<t, {dg t)s<t;h there exists a measurable structure on the family (Hs^t)s<t 
of Hilbert spaces that makes the given map Hr^s®Hs,t — > Hr,t Borel measurable 
in r, s,t, and also makes 0^ ^ Borel measurable in h, s,t. 



Proof (sketch). By Theorem 5bl (restricted to (s, t) ~ (— oo, t) or (s, oo)), there 
exist unitary V^oc.t '■ h H-oc.t and Vt^oo '■ h ^ Ht.oc such that the unitary 
operator Wt{V-oo,t 'S) Vt^oo) h ^ h ^ H Is, 'a Borel function of t; here, as 
before, H = H-oc,qo and Wt is the given unitary operator i?_oo,t Ht,oo H- 
The equality O^^y^.t ® (^t,oo — ^-oo,oo (a special case of (5cl)(a)) means in fact 
Wt+hid-oo.t ® (^t,oo) = ^'-oo.oo^t- We define unitary operators as^t : h^h ^ 
I2 ® h for s, i e M by 



We see that ag^t is a Borel function of s and t, and for every s, i it is a factorizing 
operator, = (3s,t fXi 7s, t for some unitary Ps,t,Js,t ■ h h- These (3s^t,Js,t 
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are unique up to a coefRcient: a^^t = {cPs,t) ® ((l/c)7s,t)i c G C, |c| = 1. 



Similarly to the proof of Lemma 5b2, we use a Borel selector G/Gq G, but 



for G = Vih) X U(;2) and Gq = {(c, 1/c) : c e C, |c| = 1}. This way we 
make I3s^t,ls,t Borel measurable in s and t. Also, /3s^t — Cs^tVI^ t^-~^ s^-oo,s, 
Cs_t G C, |cs^t| — 1. The product Cr,sCs,tCt,r is Borel measurable in r, s,t since 
Pt,rPs,tPr,s = Ct.rCs,tCr,s ' 1- Multiplying each V-a^^t by l/co,t we get Borel 
measurability in s,t of Kri,^f6'*:;3^ ,,VLoo,s = (co,sCs,tCt,o)" Vs,t- That is, we get 
measurable structures on {H-ao,t)t and {Ht.oo)t that conform to the shifts. It 
remains to use the relation H-oo.s ® Hg^t — H^oo,u two terms (iJ_oo,s and 
H-oo,t) are understood, the third {Hg^t) comes out. □ 

Waiving the infinite points ±00 on the time axis we get a local homogeneous 
continuous product of Hilbert spaces. In this case we may treat Hg t as a copy of 
Ho^t-s, forget about shift operators 9^ f., and stipulate unitary operators i/o.s-r<8' 
Hqa-s Ho^t-r instead of Hr^s <Xi i?s,i ^ Hr,t- See also Prop. 4.1.8]. 

5c7 Definition. An algebraic product system of Hilbert spaces consists of sep- 
arable Hilbert spaces Ht (given for all t G (0,00); possibly finite-dimensional, 
but not zero-dimensional), and unitary operators Hg ® Ht ^ Hg+t (given for 
all s,t € (0,cx))), satisfying the associativity condition: 

ifg)h = f{gh) for aU / e Hr, g eHg,he Ht 

whenever r, s, t g (0, 00). Here fg stands for the image oi f (E) g under the given 
operator H,, ^ Hg ^ H^+g ■ 

All spaces Ht are infinite-dimensional, unless they all are one-dimensional; 
indeed, dimHg^t = dimi/g • dimiJf. 

Algebraic product systems are in a natural one-to-one correspondence with 
local homogeneous continuous products of Hilbert spaces. 

Every noise leads to a homogeneous continuous product of Hilbert spaces, 
therefore to a local homogeneous continuous product of Hilbert spaces, therefore 
to an algebraic product system of Hilbert spaces. In particular, every Levy 
process in M (or M") does. 

Absence of measurability conditions opens the door to pathologies. An ex- 



ample is suggested by the pathologic stationary con volu tion system of Sect. 3d. 
We start with an isotropic Levy process in R^, as in 3d2. Rotating sample paths 



we get (measure preserving) automorphisms of the 'global' probability space 
(J7,P), as well as 'local' probability spaces {^Ig^t, Ps,t)- These automorphisms 
lead to unitary operators Uft on Hg^t — ^2(^^3,4, Ps,t)', note that 

Ur,g®Ult = Ur,t and UltUtt = U:.i''. 

Being a group of automorphisms of the homogeneous continuous product of 
Hilbert spaces, they lead to a group of automorphisms of the corresponding 
algebraic product system of Hilbert spaces: Ht — Hoy, Uf — U^t', 

Ut+tifa) - {UnWrg) for feHg,geHt; 
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No doubt, Uf is a Borel function of ip and t. We spoil the algebraic product 
system of Hilbert spaces, replacing the given operators Ws,t H^® Ht ^ Hg+t 
with operators Wg^t defined by 

WsAf ® 5) = ® for / e Hg, geHt; 

here </? : M — s- R is some non-measurable additive function (that is, 1^9(5 + t) = 
(p{s) + (fi{t) for all s, i e K). The associativity condition is still satisfied: 

ioi f £ Hr, g £ Hg, h & Ht] here /-g means Wr^sU'^g) rather than Wr,s{f (^g)- 



We will see in Sect. 5d that the 'spoiled' binary operation is not Borel mea- 
surable, no matter which measurable structure is chosen on the family (Ht)t>o 
of Hilbert spaces. 

5c8 Definition. A product system of Hilbert spaces, or Arveson system, is a 
family {Ht)t>o of Hilbert spaces, equipped with two structures: first, an algebraic 
product system of Hilbert spaces, and second, a standard measurable family of 
Hilbert spaces, such that the binary operation (/, g) t-^ fg on l+)(>o Borel 
measurable. 



5c9 Corollary. (From Theorem 5c6 .) Every homogeneous continuous product 



of Hilbert spaces leads to an Arveson system. 



Existence of a good measurable structure was derived in Theorem 5c6 from 
measurability of a unitary group of shifts on the 'global' Hilbert space if_oo,oo- 
Arveson systems in general seem to need a different idea, since no 'global' Hilbert 
space is stipulated. Nevertheless the same idea (group of shifts) works, being 
combined with another idea: cyclic time. 

See also |, Chap. 3], g Sect. 3.1 and 7], g Sect. 1]. 

5d. Cyclic time; Liebscher's criterion 

Till now, our time set was M, or [—00, cxd], or a subset of K; in every case it was 
a linearly ordered set. Now we want to use the circle T = M/Z as the time set. 
It makes no sense for processes with independent increments (every periodic 
process with independent increments on R is deterministic) , but it makes sense 
for convolution systems, flow systems, continuous products of probability spaces 



or Hilbert spaces, noises and product systems. Definitions 3bl, Bb2, 3cl, 3c6 



5al may be transferred to T. To this end we just replace 'r, s,t gW (or 'r, s,t £ 
[— cx),oo]') with ^r,s,t £ T' and interprete 'r < s < i' according to the cyclic 
order on T. More formally, ti < • • • < i„ means (for ii, . . . , i„ £ T) that there 
exist fi , . . . , f„ G R such that tk = ik mod 1 for fc = 1, . . . , n and ii < • • • < < 
ti -\- 1. Special cases n = 2, 3, 4 give us relations s<t, r<s<t, r<s<t<u. 

The general (non- homogeneous) case is described by probability spaces (Gs,t, 
^is,t)i Gs. t-valued random variables Xs,t, sub-cr-fields !Fs,t, probability spaces 
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(f2s,t, -Ps,t) and finally, Hilbert spaces Hg.t- The degenerate case f„ — ii + \ 
is allowed, and leads to Gt^t, . . . , Ht,t {t & T). Note that the interval from t 
to t is of length 1 (zero length intervals are excluded by the strict inequalities 
ii < • • • < t„); one could prefer the notation Gt^t+i, • • ■ , t+i (taking into 
account that t-\-l — tin T). For a flow system {Xs^t)s<t^ random variables Xqq 
and Xt^t are generally different; Xq^ = X^^tXtfi but Xt^t = XtfiX^^f (Also Go,o 
and Gt.t are generally different.) For G-flows in a group G these random variables 
are conjugate: Xt^t — X^lXfifiXQ^f If G is commutative then Xt^t = Xq^o, but 
generally Xt.t ^ Xq^. Nevertheless J^o,o — ^t,t (it is the cr-field generated by 
the whole flow), which leads to (rio,o, -fo.o) = {^t.t,Pt,t) and gp.o = Ht^t where 



Hs^t = L2{J^s,t) — L2{il.s,t, Ps,t)- Transferring Definition 3cl to the time set T 
we get ^0,0 = J'a.t J^t.o — J^t,o J'o.t = J't,t- Using the approach of Definition 
3c6 we identify f2o,o and flt^t according to SIq.q = Qq i x fltfl — ^t,a x ^o,t = 
ilt,t- Similarly, when transferring Definition |3al| to T we identify i?o,o and Ht^t 
according to i7o,o — Ho,t ® Ht,o = Ht,o ® Ho,t = Ht.t- We may denote iJo.o by 
Hj and write Ht.t = Hf for all i S T; similarly, Vlt^t = ^^t etc. (However, Xj 
makes sense only in commutative semigroups.) 

Cyclic-time systems (of various kinds) correspond naturally to periodic linear- 
time systems. Here 'periodic' means, invariant under the discrete group of time 
shifts t ^ t + n, n €l. 

Homogeneous linear-time systems correspond to homogeneous cyclic-time 
systems. Here homogeneity is defined as before (in Definitions 3dl, 5cl) via 
shifts of the cyclic time set T. 

Given a (linear-time) algebraic product system of Hilbert spaces (or equiv- 
alently, a local homogeneous continuous product of Hilbert spaces), we may 
consider the corresponding cyclic-time system. The latter (in contrast to the 
former) stipulates the 'global' Hilbert space Hy, and a group {9j)hi^T of uni- 
tary operators on Hj. In terms of the local homogeneous continuous product of 
Hilbert spaces, Hf = i/o,i and e\{fg) = {eilg){el~^ f) for / e 7?o,t, 9 e i?t,i, 
t e (0, 1). In terms of the algebraic product system of Hilbert spaces, Hj = i/o,i 
and e\{fg) = gf for / e Ht, g € H^-t, t e (0, 1). 

5dl Theorem. (Liebscher Th. 7]) A (linear-time) algebraic product system 
of Hilbert spaces can be upgraded to an Arveson system if and only if the 
corresponding cyclic-time shift operators Ol^ are a Borel measurable (therefore 
continuous) function of h G T. 

Let us apply Liebscher's criterion to the pathologic example of Sect. |5^. We 
have ~e\{Wt^-tU ® 9)) = Wi.tA9 <^ /) for f e Ht, g G H^-t, t G (0, 1). That 
is, 9\[f ■ Ui^}g) — g ■ U^'"^~^^ f; as before, / • g means Wt,i-t{f '9 g) rather 
than Wt,i-t{f <E) g). We have &*,(/ • g) = (C/i^'i^^'s) • {uf ^~''^f), which means 
that 0\ is not a measurable function of t. Indeed, we may take / — cxp(iXQ\^) 
and g = cxjp{iX^l_^)\ here {x'^^l,X^^}) are the increments of the underlying 
isotropic two-dimensional Levy process. Then f ■ g = exp(iXg\^) exp(iX(\'') = 
exp(iXg\^) does not depend on t, but Oj{f ■ g) = exp(i(XQ\^_( cos (y£>(— i) — 
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x'^\_^sanp{—t))) exp(i(X^^\ ^ cos(p{l — t) — X^}^ ^ smip{l — i))). Even in the 

special case 1^9(1) = we get exp(i(XQ\^ cos(p(t) + xlyl sin(^(t))), which is not 
measurable in t. 

6. Classical part of a continuous product 
6a. Probability spaces: additive flows 

By the classical part of a continuous product of probability spaces ((fi, P), 
{J^s,t)s<t) we mean the quotient space {n, p)/jFstabic equipped with (J^|ff'''°)s<t 
where ^I'^^bic ^-j^g stable part J^sa H J^^^^^^'' of J^s,t transferred to the quotient 
space. The classical part is a continuous product of probability spaces; indeed, 

_^.tablc ^ _^stablc ^ _^stablc f^^^ ^ < S < t , 

since local versions C/f ^ of the operators W satisfy 

Uf;^ = C/P^ ® U^^t for r < s < i . 

Recall that LaCJ^''*''''''^) = Hq ® Hi ® H2 ® ■ ■ ■ , the chaos spaces i?„ being 
defined by IJPf = p"/ for / € iJ„; also, Hq is the one-dimensional space of 
constant functions. Similarly, L2(^ff^''=) ^ ®n<oo Hn{s,t), U^J = p" f for 

/e ff„(s,t) = i/„ni2(^M)- 

6al Proposition. (||3^, 2.9]) The following conditions are equivalent for every 

(a) / e Hi- 

(b) / = E(/|J^_^,0 +K(/|-^*,oo) foraUteR; 

(c) E{f\j'r,t) ^E{f\j'r,s) +E(/| J^s,t) whenever -00 <r < s <t<oo. 
Proof (sketch), (b) =^ (c): in terms of the projections Qs.t '■ f ^{f\^s,t) 

WC have Qr,tf = Qr,tQ-oc,sf + Qr,tQs,oof = Qr,sf + Qs,tf- 

(c) =^ (a): Iff = pf, since it holds for each element C/f^ of the net 
converging to (recall ( [4b4| )). 

(a) (b): eigenvalues of the operator = C/^oo,t ^ ^t!oo are prod- 
ucts of eigenvalues, p'^p^ — p''^\ k,l e {0,1,2,...} U {00}. We have i?„ = 
®k=oHk{~oo,t) (g) Hn-k{t, 00) ■ Especially, Hi = Ho{~oo,t) (g) Hi{t,oo) © 
Hi{-oo,t) (g) Ho{t,oo) = Hi{-oo,t) © Hi{t,oo). Thus, / = ,g + /i for some 
g € Hi{—oo,t) and h e Hi{t,oo). However, E(/i| J^_oo.t) = E/i = 0, therefore 
lE(/|.F_oo,t) = g; similarly E(/ I 00) = and we get (b). □ 

6a2 Corollary. Every square integrable M-flow adapted to a continuous prod- 
uct of probability spaces is adapted to its classical part. 

6a3 Corollary. A continuous product of probability spaces generated by square 
integrable M-flows is classical. 

The integrability condition can be removed, see |6b3|, |6b4|. 
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6a4 Theorem. (Tsirelson |||, Th. 2.12], Th. 6a3]) The sub-cr-field gener- 
ated by Hi is equal to jr^'tabV 

Proof (sketch). Clearly, !Fi C J^''*'*^'^^ (J^j^ being generated by Hi)\ the other 
inclusion, jF^^tabic ^ j:^^ follows from the next lemma. □ 

6a5 Lemma. The space 

^^(jpstabic) is the closure of the union of all subspaces 

of the form 

n 

(g) (i/o [tk , ) © Hi {tk , tk+i)) 

where — oo = io < ii <•••<<„ < t„+i = oo, n = 0, 1, 2, . . . 

Proof (sketch) . W is the limit of the decreasing net of commuting operators 
C/f^ t„ (recall ( |4b4D ). Therefore for each n the spectral subspace Hq®- ■ -(DHn of 
corresponding to the upper part {p", p"^^ , . . . , 1} of its spectrum, is the limit 
(that is, the intersection) of the decreasing net of the corresponding subspaces 
for f/fi Similarly, the subspace (_ff„ © Hn+i © . . . ) ® Hoo is the hmit (that 
is, the closure of the union) of the increasing net of the corresponding subspaces 
for Uf^ The latter subspace, being intersected with i7„, gives a subspace 

of {8)fc=o(^o(ifc, ifc+i) © Hi{tkM+i))- □ 
By the way, it follows from the lemma above that 

(6a6) Hn is the closed linear span of i?i(— oo, t) ® Hn~i{t, oo) 

teR 

for each n. 

Each f e Hi leads to an R-flow {fs,t)s<t, fs,t — ^{f\^s,t), adapted to 
{J^s,t)s<t m the sense that fs^t is .Fs^j-measurable whenever s < t. Choosing a 
sequence {fk)k that spans Hi we get the following. 

6a7 Corollary. For every continuous product of probability spaces, its classi- 
cal part is generated by (a finite or countable collection of) square integrable 
adapted M- flows. 

These R-flows may be combined into a single vector-valued flow, say, /2-fiow. 



Assuming the downward continuity (recall 3d6) we may use the inflnite-dimensio- 
nal Levy-Ito theorem | [l3| , 4.1] for representing the /2-fiow via a Gaussian process 
and (compensated, nonstationary) Poisson processes, those processes being in- 
dependent [|l^ 5.1]. In fact, the whole Poissonian component can be generated 
by a single R-flow |13| , 6.1], in contrast to the Gaussian component. The frame- 
work of Feldman ||13| is different from ours, but the difference is inessential for 
the classical part, as explained below. 

Spaces Hi{s,t) satisfy the additive relation 



Hi{r,t) = Hi{r,s) © Hi{s,t) for r < s < t , 
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much simpler than the multipHcative relation L2{Tr,t) = L2{^r,s) L2{J^s,t)- 
Orthogonal projections Qs,t '■ Hi Hi, Qs,tHi — Hi{s,t), lead to a projec- 
tion-valued measure {Qa)a', Qa ■ Hi Hi for Borel sets A C M, Q(s,t] = Qs,t 
for s < t. To this end, however, we must assume right-continuity of Q-ao.t in t. 
Otherwise we should split each point i of a finite of countable set in two, iieft and 
bright- (Alternatively, we could replace the time set [—00,00] with an arbitrary, 
not just connected, compact subset of M, thus making Q-oa.t continuous in t.) 
Assume for simplicity the right-continuity (for a while; the assumption expires 
before Prop. 6al3 ). We get (closed hnear) subspaces Hi{A) — QaHi c Hi 
satisfying 



(6a8) 



Hi{AU B) = Hi{A) ® HiiB) when A n B 

ffi(Ai n A2 n . . .) = i?i(Ai) n i/i(A2) n . . 

Hi({s,t]) = iJi(s,<) for s <t. 



Defining jF^tabic sub-a- field generated by Hi{A) we get (| 



I 6c4]) 



(6a9) 
(6al0) 

(6all) 
(6al2) 



■stable 
AUB 



■stable 



■stable 



whenever A^B 



An T A 

AniA 



implies t J'T^^'' 



implies 



•Testable I -rstablc 
•^A„ i -f A ■ 



-r-stable 



■stable 



for s < t . 



It means that the classical part of any continuous product of probability spaces 
is a factored probability space as defined by Feldman p^, 1.1], which cannot be 



lan P , 1. 
Ila2| . 



extended beyond the classical part, see Theorem lla2| 
Proof (sketch). ( |6al(]| ): if A„ t ^ then i7i(A„) t Hi{A). 



(pa9D : for each f £ Hi the equality Ec 



if - 



)(E 



holds (by 



independence) if the set A C M is an interval or the union of a finite number of 
intervals. The monotone class theorem extends the equality to all Borel sets A. 
Thus, jFJtabie T^^f'' are independent; (|6a9|) follows. 



( 3all ) follo ws f rom (3alO) and (6a£) similarly to 3d5 
(3al2): see 3a4 



□ 



6al3 Proposition. The following conditions are equivalent for a classical con- 
tinuous product of probab ility spaces: 

(a) upward continuity ( |3d4[); 

(b) downward continuity ( [3d6| ); 

(c) the subspace ne>o Hi{t — e,t + e) is trivial for every t g JR. 



Proof (sketch). By ( 6al(]| ), (a) is equivalent to triviality of i?i({sright}) and 
Hi{{tie{t}) for s < t. By ( |6all ), (b) is equivalent to triviality of i?i({sioft}) 
and ffi ({bright}) for s <t. Also, (c) is equivalent to triviality of i?i({tieft}) and 
ffid^right}) for all t. (At ±00 use the non-redundancy stipulated by Def. |3cl| .) 



□ 
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6b. Probability spaces: multiplicative flows 

We turn to T-fiows; the circle T will now be treated as the complex circle 
T = S C : |z| = 1} rather than M/Z. Accordingly, L2 spaces over C are 



used. Corollaries 6a2, paS fail for T-flows. For counterexamples see Sect. ItJ; the 



singular time point must be finite (not ±(X)), since the upward continuity at 



±00 is ensured by Dcf. Bel. Results presented below (|6bl|, |6b3|, pb4) are close 



to 1.7]. The time set is K, but may be enlarged to [—00, 00] 
6bl Proposition. If a continuous product of probability spaces satisfies the 



upward continuity condition (3d4), then every T-flow adapted to the continuous 



product is adapted to the classical part. 

Proof (sketch). Every T-flow {Xs.t)s<t satisfies the inequality 

(6b2) (C/''X,,t,X,,t) > |EX,,t|2(i-'') fors<iandpe [0,1], 

since it holds for each element ?7f^ of the net converging to V (recall 
(|b|)): (C7/;,..._,„X,,„X,.,) = nLo(P+"(l - P)|IE^*.A-+J'), the logarithm of 
each factor being concave in p. Stability of Xg^t is thus ensured, if V^Xg^t 7^ 0. The 
latter follows from the upward continuity: |EXs_e,s+gp — E |E (X^^t | Jv^s-e V 
Ts+e,t)\^ — > 1 as e — > 0; we cover the compact interval [r,t\ by a finite number 
of open intervals (s — e, s + e) such that 'KXs^e.s+e 7^ and get EX^^t 7^ 0. □ 

A stable (that is, adapted to the classical part) T-flow {Xs^t)s<t can satisfy 
EATs.t = for some s < t; indeed, Hi{t—,t+) can contain a random variable 
Xt-^t+ = ±1 such that EXt-^t+ = 0. On the other hand, it must be KXs^t 7^ 
for some s,t (irrespective of stability), and moreover, the equivalence relation 
s ^ t <;=^ EAs,t 7^ divides R into at most countable number of intervals 
(maybe, sometimes degenerate), since L2(Xl) is separable. 

6b3 Corollary. Every R-flow adapted to a continuous product of probability 
spaces is adapted to its classical part. 

Proof (sketch). T-flows (e''^"^='')5<f corr esponding to the given M-flow {Xs,t)s<t 
satisfy Ee'^^= ' ^ 1 as A ^ 0. By (|b|), e'^-^-' is J^"'^'^''=-measurable for' all A 
small enough. Therefore Xs^t is JF'^*'''^'°-measurable. □ 

See also @ proof of Th. 1.7]. 

6b4 Corollary. A continuous product of probability spaces is classical if and 
only if it is generated by (a flnite or countable collection of) R-flows. 

The same holds for (C, •)-flows (valued in the multiplicative semigroup of 
complex numbers) if the upward continuity is assumed, see p^ , 1.7]. Relations 
between (C, •)-flows and (C, -|-)-flows described below appear in different forms 
in Appendix A] and earlier works cited there. 

6b5 Proposition. A stable square integrable (C, •)-flow {Xs,t)s<t is uniquely 
determined by the projections QoXg^t = ^Xs,t and QiXs,t of each Xg^t to 
Ho{s,t) and Hi{s,t). 
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Proof (sketch). The projection YYk=o^Q^ + Qi)^tfc,tfc+i of ^to,*r.+i to 
(2'fe=o('^o(^fc7 ifc+i) ffi Hi{tk,tk+i)) is uniquely determined. It remains to use 
Lemma |6a5| . □ 

Clearly, EXr^t - (EX,,,)(EX,,t) and QiXr^t - (QiX,,,)(EX,^t) + 
(EXr,s)(Qi-'^s,t)- In particular, if KXs.t = 1 for all s < t, then QiX^,* = 
QiXr^s + QiXs,t, that is, {QiXs,t)s<t is a (C, +)-flow. 

6b6 Proposition. For every square integrable, zero-mean (C, +)-flow iXs.t)s<t 
there exists a square integrable (C, •)-flow {Xs,t)s<t such that 

EXs.f = 1 and QiXg.t^Ys^t fors<t. 

Proof (sketch). Similarly to the proof of |6b5| we calculate the projection of the 
desired Xs,t to subspaces of the form 0)!^o(^o(ife, tfe+i) ® Hi{tk,tk+i)) ■ The 
subspaces are an increasing net. The projections are consistent, and bounded in 

2 



k 

<exp(^||r,,,,,,,f) =exp(|ly,.,f) 



k k 

< exp ^ 

k 

Thus, they are a net converging in L2; its limit is the desired Xg^t- CH 



The relation between the flows X and Y as in 6b6 will be denoted by 
(6b7) X^ExpF; y = LogX. 

It is a one-to-one correspondence between (the set of all) square integrable 
(C, •)-flows {Xs.t)s<t satisfying 'EXg^t = 1 for s < i (which implies stability by 
( |6b2| )), and (the set of all) square integrable (C, +)-flows (Fs,t)s<t satisfying 
EFs^t — for s < t (these are stable by 6a2). 

Relations ( |6b7[ ) do not mean that Xs^t — <ixp{Ys^t)- In fact, if Y is sample 
continuous, therefore Gaussian, then Xs^t — s^p{Ys,t — ^ll^s.tlP) for s < t. Of 
course, 'exp' is the usual exponential function C ^ C, while 'Exp' is introduced 
by (Sb7). If the limit l"-oo.oo — linis^-oo.t^oo Y^^t exists (in L2) then the limit 
^-00,00 exists, and we may write 

X_oo.co = Exp(r_oo,oo) ; Exp : Hi -> L2(^''""^) ■ 
6b8 Proposition. The space L2(J^^*^'^^°) is the closed linear span of {Exp / : 

Proof (sketch). The projection of Exp / to Hq (B Hi is 1 + f , thus (using the 
upper bound from the proof of |6b6|) 

IKExp/) - (1 + /)!p = II Exp/lp - 111 + /IP < (exp ll/lp) - (1 + ||/||2) . 
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It follows that 

/ = limi(Exp(£/)-l) mL2, 

and we see that Hi C E, where E is the closed linear span of {Exp / : f € Hi}. 
Similarly, Hi{s,t) C E{s,t), where E{s,t) is the closed linear span of {Exp / : 
/ e Hi{s,t)}. However, E{r,t) D E{r,s) (g) E{s,t) for r < s < i. We see that 
E contains ea ch su bspace of the form ®fc=o(^o(^fc, ^fc+i) © Hi{tk,tk+i))\ it 
remains to use 6a5. □ 



6b9 Proposition. liYt^^t+ = for aU t, then HX^^J^ = expdlF^^f H^) for s < t. 



Proof (sketch). Recall the proof of 6b6 and note that exp(||Yj^ tfc+JP) = 1 + 

6bl0 Proposition. If a classical continu ous p roduct of probability spaces sat- 
isfies the equivalent continuity conditions 6al3(a-c), then the map Exp : Hi — > 
L2{^) has the property 

(Exp /, Exp g) = exp(/, g) for /, 5 e i?i . 



Proof (sketch). Similarly to |6b9| , (1 + ft^.tk+iA + St^.tk+i) = 1 + 

{ftk-tk+ii9tk:tk+i) ~ ^^viftk.tk+iigtk^tk+i)- □ 

It means that ^2(^1) is nothing but the Fock space e^^ see |^, Sect. 2.1.1, 
especially (2.7)]. More generally, 

for all continuous products of probability spaces satisfying the downward con- 
tinuity condition. 



6c. Noises 

Given a noise {J-s,t)s<t, {Th)h, we may consider the classical part of the contin- 
uous product of probabihty spaces {J^s,t)s<t- It consists of sub-cr-fields = 
J^sA n J^'^tabio (transferred to the quotient space {Q, P)/T''^'^^^° , which does not 
matter now) . Time shifts Th leave J^^^^^^° invariant (since operators W evidently 
commute with time shifts), thus Th sends J^lf'°^° to Tf^h]?+h- 

It means that the 

classical part of a noise is a (classical) noise. 

A classical noise is generated by R - flow s, like any other classical continu- 
ous product of probability spaces (see |6b4| ). However, we want these R- flows 
{Xs^t)s<t to be stationary in the sense that Xs+h.t+h = ^s.t ° Th (where 
T/i : 17 ^ 17 are time shifts). The following result is proven in [^5[ 2.9] un- 
der assumptions excluding the Poisson component, but the argument works in 
general. 

6cl Theorem. Every classical noise is generated by (a finite or countable 
collection of) square integrable stationary R-flows. 
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Proof (sketch). Time shifts Th on VL induce unitary operators Uh on L2(^^), 
commuting with and therefore leaving invariant the first chaos space Hi ; we 
will treat Uh as operators Hi —* Hi. They are connected with the projections 
Qs,t : Hi ^ Hi by the relation Qs,tUh = Qs+h,t+h- Integrating the function 
1 1-^ e'"*"* by the projection-valued measure {Qa)a (recall ( |6a8D ) we get unitary 
operators V\ : Hi ^ Hi satisfying Weyl relations UhV\ = e^^'^VxUh- By the 
well-known theorem of von Neumann (see Th. VIII. 14]), Hi decomposes 
into the direct sum of a finite or countable number of irreducible components, 
— subspaces, each carrying an irreducible representation of Weyl relations. Each 
irreducible representation is unitarily equivalent to the standard representation 
in ^2(1^), where Uh acts as the shift by h, and V\ acts as the multiplication by 
1 1-^ e'"^* . Defining X^'^^ as the vector that corresponds to the indicator function 
of the interval (s, t) in the fc-th irreducible component of Hi we get the needed 
stationary R-flows (Xg''j'')s<f. □ 

6c2 Corollary. A noise is classical if and only if it is generated by (a finite or 
countable collection of) stationary M-flows. 

These M-flows may be combined into a single vector-valued flow (R"-flow 
or ^2-flow). The infinite-dimensional Levy-Ito theorem JTs] , 4.1] may be used 
for representing the stationary I2-Q-OW via Brownian motions and (stationary, 
compensated) Poisson processes. 

We may treat Hi as the tensor product, Hi — L2{M.) H — L2{R,T-l), 
where L2(IR) carries the standard representation of Weyl relations, and H is the 
Hilbert space of all square integrable, zero mean, stationary R-flows. Further, 
the space Ti. decomposes in two orthogonal subspaces, the Brownian part and 
the Poissonian part. The (finite or infinite) dimension of the Brownian part is 
the maximal number of independent Brownian motions adapted to the given 
classical noise. The Poissonian part may be identified with the L2 space over 
the corresponding Levy-Khinchin measure. 

6d. Pointed Hilbert spaces 

6dl Definition. Let {Hs^t)s<t be a continuous product of Hilbert spaces. A 
vector / G Hr.t is decomposable, if / 7^ and for every s € (r, t) there exist 
g € Hr^s and h G Hs^t such that / ~ gh. 

(As before, gh is the image of g (8) h under the given unitary operator Hr^s ® 

6d2 Lemma. If 5 G and h G Hs,t are such that the vector gh G Hr^t is 
decomposable then g and h are decomposable. 

See also |, 6.0.2 and 6.2.1]. 

Proof (sketch). We may assume \\g\\ — 1, \\h\\ — 1. Consider the one-dimensional 
orthogonal projection Qg : Hr^s ^ Hr^s, Qgi' = {'4',g)g- Note that {{Qg ® 
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'^s,t)f,f) = {Qgg,g){h,h) — 1. Let s' £ {r,s). Then / = g'h' for some vectors 
g' E Hr.s' and h G Hg' .t (of norm 1). As before, {{Qg' ®ls',t)f, f) — 1- Therefore 

{{Qg, ® Is-, s®'^s,t)f. f)^ = {{Qg' ® g) {is.tK h) . 
=1 =1 

The equahty {{Qgi ® 1^', 3)5,5) = 1 means that g = g'ljj for some ip e Hg'.s- 
Thus, g is decomposable. □ 



Theorem 5bl gives us a measurable structure on the family {Hs,t)s<t of 
Hilbert spaces. The structure is non-unique, but we can adapt factor-vectors to 
any given structure, as stated below. See also [p2l Corollary 5.2]. 



6d3 Proposition. For every measurable structure as in Theorem 5bl and 
every decomposable vector / g 7J_oo,oo there exists a family {fs.t)s<t of vectors 
/s,t G Hs^t (given for all s,t such that s < t) satisfying the conditions 

fr,sfs,t = fr,t whenever r < s <t, 
fs.t is measurable in s,t . 

Proof (sketch). For every t E R we choose gt € i?-oo,t and ht G Ht. 00 such 
that gtht = /. Lemma 5a3 gives us complex numbers Ct such that the vectors 
f-oo,t = Ctgt and ft^oa = {^/ct)ht are measurable in t. Now fs.t are uniquely 
determined by requiring f-oc,sfs.tft,oo = f- □ 

Applying |6d3| to a continuous product of spaces L2 (recall Sect. ^a[) we may 
get the following. 

6d4 Corollary. Every square integrable (C, •)-flow {Xs.t)s<t adapted to a con- 
tinuous product of probability spaces can be written as Xs^t = c^^iKj,* where 
Cs,t are complex numbers satisfying Cr,sCs,t = Cr^t for r < s < <, and {Ys^t)s<t is 
a (C, •)-flow such that the map (s,t) 1-^ Ys^t from {{s,t) G : s < to L2{^) 
is Borel measurable. 

6d5 Corollary. If a square integrable (C, •)-flow {Xs.t)s<t satisfies EXg^t — 1 
whenever s < t, then the map {s,t) > Xs.t from {(s,t) G : s < t} to L2{i^) 
is Borel measurable. 



One may prove 6d5 via Sd4 or, alternatively, via (6b7) and the proof of |6b5| . 

Decomposable vectors need not exist in a continuous product of Hilbert 
spaces in general, but they surely exist in every continuous product of spaces 
L2, since constant functions are decomposable vectors. 

6d6 Definition. A continuous product of pointed Hilbert spaces consists of a 
continuous product of Hilbert spaces {Hs^t)s<t and vectors Us^t G Hs,t such that 

Ur,sUs,t — Ur^t whenever — oo<r<s<t<oo, 
II Us, f II = 1 whenever — oo<s<t<oo. 
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Such family {us^t)s<t will be called a unit (of the given continuous product 
of Hilbert spaces). It is basically the same as a decomposable vector oi H = 
-ff-oo.oo- Each Hs^t rnay be identified with a subspace of iJ, namely (the image 
of) u 

— OO.S 

Waiving the infinite points ±00 on the time axis we get a local continu- 
ous product of pointed Hilbert spaces. The embeddings C -ff-2,2 C . . . 
may be used for enlarging the time set M to [—00,00]; to this end i J-oo.oo is 
constructed as the completion of the union of H-n,n (see also ( 3dl6| )). In this 



respect (and many others), continuous products of pointed Hilbert spaces are 
closer to continuous products of probability spaces than Hilbert spaces. 

Every continuous product of spaces L2 is naturally a continuous product of 
pointed Hilbert spaces, Us^t being the function that equals to 1 everywhere. 

6d7 Question. Does every continuous product of pointed Hilbert spaces emerge 
from some continuous product of probability spaces (that is, is isomorphic to 
some continuous product of L2 spaces with 'probabilistic' imits)? 



Many results and arguments of Sections 4b, 6b may be generalized 
to continuous products of pointed Hilbert spaces. 

6d8 Definition, (a) Let (i/f\^)s<t and {Hj-^^)s<:t be two continuous products 
of Hilbert spaces. An embedding^ of the first product to the second is a family 
ic(s,t)s<t of isometric linear embeddings as,t ■ H^^^ Hf'J such that 



(a^,,/)(a,,t5) = ar,t{fg) for / £ i/^V, g G 



(1) 

s.t 



(as before, fg is the image of / (8) g in ifr,t)- 

(b) Let {H^^l ,u^P^)s<t and {H^'^^ ,u^^})s<t be two continuous products of 
pointed Hilbert spaces. An embedding of the first product to the second is an 
embedding (as,t)s<t of (ijf\^)s<4 to (ijf^j^)s<i as in (a) satisfying the additional 
condition 

(1) (2) r- ^ . 

as,tu]. l = ul l tor s <t . 

If as,t{Hg^^) is the whole H^^^ for s < t, then {as,t)s<t is an isomorphism. 
Every morphism between continuous products of probability spaces leads 
to an embedding of the corresponding continuous product of pointed Hilbert 



spaces (in the opposite direction). See Examples 4a2, 4a4 



6d9 Definition. A joining (or coupling) of two continuous products of pointed 
Hilbert spaces (H^^^ ,u[^l)s<t and {Hf} ,u^p^)s<t consists of a third continuous 
product of pointed Hilbert spaces {Hs,t,Us.t)s<t and two embeddings {as^t)s<t, 
iPs.t)s<t, as,t ■ H^^t Hs,t, Ps,t ■ H^^t Hs^t of these products such that 
-ff-00,00 is the closed linear span of a-oo.oo(^i^i 00) U /3-oo,oo(-ffi^l oo)- 



^Not 'morphism' for not contradicting M, 3.7.1] 



B. Tsirelson/Nonclassical flows and products 



59 



Each joining leads to bilinear forms (/, g) ^ {us^tf ^ Ps,tg) for / G h'^^'J , g G 

(2) 

J . Two joinings that lead to the same bilinear form will be called isomorphic. 
A joining with itself will be called a self-joining. A symmetric self-joining is a 
self-joining (a,/3) isomorphic to {P,a). 

Every joining of two continuous products of probability spaces leads to a 
joining of the corresponding continuous products of pointed Hilbert spaces. The 
same holds for self-joinings and symmetric self-joinings. 

Every joining (a, (3) of two continuous products of pointed Hilbert spaces 
has its maximal correlation 

p-r(a,/?) =sup|K,/,A,tg)|, 

where the supremum is taken over aU / e ijfV> 9 e Hf;} such that 11/11 < 1, 

llffli <1, (/,4!*^)=0, (ff,4'*^)=0. ^ 

The maximal correlation defined in Sect. ^ for a joining of continuous prod- 
ucts of probability spaces is equal to the maximal correlation of the correspond- 
ing joining of continuous products of pointed Hilbert spaces. 

6dl0 Proposition. p^f^{a,l3) = max(/9™J''(a, /3), p™f'^(a,/3)) whenever r < 
s <t. 



Proof (sketch). Similar to 4a8; each Hs^t decomposes into the one-dimensional 



subspace spanned by Ws,t and its orthogonal complement -ff^j. □ 

6dll Proposition. For every continuous product of pointed Hilbert spaces 
and every p e [0, 1] there exists a symmetric self-joining [ap,f3p) of the given 
product such that 

and 

{as,tf,P.,tf) < ((ap)s,t/, if3p)s,tf) 

for all s < i, / e Hg^t and all self-joinings {a, (3) satisfying p"'"^^{a,(3) < p. 
The self-joining (up^fip) is unique up to isomorphism. 



Proof (sketch). Similar to 4bl but simpler; we just take the limit of the de- 



creasing net of (commuting) Hcrmitian operators (or their quadratic forms) 

n 

K,...,tJ = <S>ipf'' + (1 " P){fk,ut„t,^,)ut„t,^,) for / = /o • • • ® /„, 

fc=0 

fo € H^oo,tn fl G -ffti,t2J ■ ■ ■ T fn ^ Ht^.oo ■ CH 

Operators ?7f j satisfy 



and the spectrum of is contained in {l,p, p^, . . . } U {0}. Similarly to 4b5 
we have the following. 
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6dl2 Proposition. For every continuous product of pointed Hilbert spaces 
there exist (closed linear) subspaces Hq, Hi, H2, ■ ■ ■ and Hoo oi H = H^oo,oo 
such that 

UPf^p"f for/ei/„,pe [0,1], 
Upf = ioi- f eH^, pe[0,i). 

The space Hq is one-dimensional, spanned by u_oo.oo- Similarly we introduce 
subspaces i/„(s, t). The relation 11^,, (g) j = U^f imphes 

n 

(6dl3) Hn{r, t) = Hk{r, s) ® i7„_fc(s, t) . 

fc=0 

We recall the embedding of each Hg t into H = H-00,00 by / U-oc>.sfut,oa 
for / e Hs t, and introduce for s < t the orthogonal projection Q^^t of onto 
Hs^t C H; clearly, 

Qs.tifgh) = {f,U^oo.s)U-oo,sg{h,Ut,oc)ut,oo 

for / e iJ_oo,s, .9 e -ffs.t, ^ e -fft.oo- 

6dl4 Proposition. The following conditions are equivalent for every f ^ H: 

{a) feHi; 

(b) / = Q-oo,t/ + Qt,oo/ for aU t e R; 

(c) Qr,tf = Qr,s.f + Qs.tf whenever —00 < r < s < i < 00. 



Proof (sketch). Similar to 6al, with Q^^t instead of E(-|j^s^f) and projection 
to the unit instead of expectation. □ 

6dl5 Lemma. The space Hq® Hi® H2® ■ ■ ■ is the closure of the union of all 
subspaces of the form 

n 

(g) (iJo (^fc , tfc+1 ) © -ffi (ifc , )) 

fe=0 

where —00 = to < < • ■ ■ < < tn+i — 00, n = 0, 1, 2, . . . 

Proof (sketch) . Similar to |6a5|. □ 



The formula (6a6) holds as well. Similarly to (6a8), spaces ^^i(^) may be 
defined for all Borel sets A C M. 

Given a continuous product of pointed Hilbert spaces {Hs^t,Us,t)s<t, we in- 
troduce the 'upward continuity' condition, similar to (3d4), 

(6dl6) Hg.t is the closure of Hs+e,t-e for —00 < s < t < 00 

e>0 
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(here —oo + e means — 1/e, oo — e means 1/e), and the 'downward continuity' 
condition, similar to (l3d6|), 



(6dl7) 



s-e,t+e 



for 



CO < s < i < oo 



£>0 



(here Ht^t is the one-dimensional subspace spanned by the miit, — oo — e means 
—00, and oo + e means oo). 

Upward continuity (3d4) for continuous products of probability spaces is ev- 
idently equivalent to upward continuity (3dl6) of the corresponding continuous 
products of pointed Hilber t spa ces. The same holds for downward continuity. 
As noted in Sect. 3d (after |3d5|) , downward continuity does not imply upward 
continuity. The argument of 3d5 may be generalized as follows. 



6dl8 Proposition. Upward continuity implies downward continuity. 

Proof (sketch). It is sufficient to prove that ^^^^ H^.s+e is one-dimensional 
(spanned by the unit), since ne>o H-oo,s+e = H~oo,s ® Cleyo Hs,s+e- Assuming 
the contrary, we take / G ne>o^s.s+£' H-^H ~ orthogonal to the unit. Using 
upward continuity we approximate / by g e i?s+e,oo, \\g\\ — 1- We have / = 



s,s+€9s+e, oo 



; thus, |(/s,s+e,Us,s+e)| ' |(Us+£,oo , 5s+£,oo) 



is small; a contradiction. 



□ 



\{L9)\ is close to 1, while \{fs^s+e,Us,s+e) 

6dl9 Proposition. (Zacharias (5|, Lemma 2.2.1], Arveson g Th. 6.2.3].) Let 

{Hg^f,Us,t)s<t be a continuous product of pointed Hilbert spaces, satisfying the 
upward continuity condition (6dl6). Let — oo < r < < < oo be given, and 
/ S Hr.t be a decomposable vector. Then (/, Ur^t) 7^ 0. 



Proof (sketch). Similar to the last argument of the proof of 3bL Namely, / is 
the limit of the projection = fr^s-e{fs-s,s+e,Us-e,s+s)'Us-s,s+efs+s,t of / to 
Hr,s-e ® Us-e,s+s ^ Hs+s.t- Therefore (see also J^, Sect. 6.1]) 

I (/s — £,S + £ 5 '^S — £,S+£/ 



II /r,s— £ {fs 



tfs+e,t\\ 



\fs 



s—e\js — e,s+e^ ^s—e.s+e / ^s—e.s+e J s+e,t 

||/,,,_e||||/.-£,.+£||||/s+£.t|l 



1 



We cover the compact interval [r, t] by a finite number of open intervals (s — 
e,s + e) such that (fs-cs+e^Ug-e^s+e) 7^ E^nd get {f,Ur^t) 7^ 0. (The argument 
may be adapted to the compact interval [—00,00].) □ 



Now we generalize 3bl , 3b5 and 3b(: . 
6d20 Proposition. Let {Hs,t,Us,t)s<t be a continuous product of pointed 



Hilbert spaces, satisfying the upward continuity condition (3dl6). Then all de- 
composable vectors of Hs^t belong to Ho{s, t) Hi{s, t) ® H2{s,t) (B ■ ■ ■ (that 
is, are orthogonal to Hoo{s,t)), for —00 < s <t < 00. 

Proof (sketch). Accord ing to |6dl2 , it is sufhcient to prove that {V f, f) 
as p — > 1. We use 6dl9 and the inequality 

(6d21) (C/"/,/) > ||/fP|(/,i,,^,)|2(i-p) 



i/ir 



proven similarly to (6b2) (irrespective of the upward continuity). 



□ 
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= 1. Then 



s < t. 



Let / G i?-oo,oo be a decomposable vector such that (/, 
fs^t as in |6d3| may be chosen such that {fs,t,Us,t) — 1 for 
we see that / is orthogonal to H^. Similarly to 6b5 (using 6dl5), / is uniquely 
determined by its projection g to Hi. Similarly to 3b6, every g £ Hi is the 



projection of some decomposable /. Similarly to (6b7) we denote the relation 
between / and g by 



Using ( |6d2ll ) 



(6d22) 



/ = Expg; 



9 = Log/. 



It is a one-to-one correspondence between decomposable vectors / S H-oo,oo 
satisfying (/, m_oo,oo) = 1, and vectors g G Hi Sti ll, || Expf;|p < exp(||gp) and 
g = lim^^o ^(Exp(e(7) — w_oo,oo)- Similarly to |6b8| , the space J Jp 9) ffi (B 2 ® ■ • ■ 
is the closed linear span of {Exp 5 : g e Hi}. Similarly to 6b9 , the equality 
II Expglp = expdl^lp) is ensured if gt-,t+ — for all t, which in turn is ensured 



by the downward continuity condition ( |6dl7|), s ince Hi(t--,t+) C Ht-j.+ (and 
Hi is orthogonal to the unit). Similarly to |6bl0 we get the following. 



6d23 Proposition. If (iJs,t, Us.t)s<t is a continuous product of pointed Hilbert 
spaces satisfying the downward continuity condition (6dl7), then the map Exp : 
Hi ^ Hq ® Hi ® H2 ® . . . has the property 

(Exp /, Exp g) = exp(/, g) for /, 5 e iJi . 

See also |, Sect. 6.4], Th. 2.2.4], Appendix A]. We conclude that 

Ho® Hi® H2® ■ ■ 



.Hi 



is the Fock space. 
6e. Hilbert spaces 

We want to know, to which extent results of Sect. |^ depend on the choice of 
a unit {us^t)s<t in a given continuous product of Hilbert spaces {Hs^t)s<t (if a 
unit exists). As before, the time se t is | — 00, 00]. First, note that the enlargement 
of R to [—00,00] mentioned after 3d6 depends heavily on the choice of a unit. 
Second, we compare two kinds of continuity, one being unit-independent (5c3), 
( ^c5| ), the other unit-dependent ( 6dl6 ), ( 6dl7 ). 



6el Proposition. Let {Hs^t)s<t be a continuous product of Hilbert spaces, and 
{us.t)s<t a unit. Then the following three conditions are equivalent: 

(a) the upward continuity (5c3) of (ifs,t)s<tJ 

(b) the downward continuity ( 5c5| ) of {Hs^t)s<tj 

(c) the upward continuity ( 3dl(^ ) of {Hs^tT'U's^t)s<t- 



Proof (sketch) . (a) =^ (b) : see the proof of ^c4 

(b) =^ (c): (2|, Prop. 3.4] Projections : H ^ H defined by Qeifgh) = 
f{g,u-e,e)u-e,eh for / G i7_oo,-e, 9 G -ff-e,e, h G i?e,oo belong to algebras 
A-e,E. Their limit Qo+ = linie^o Qe belongs to the trivial algebra ^0,0 by (pcq). 
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and Qo+U-oo.oo = m-oo,oo, therefore Qo+ = 1- It follows that i?_oo,-e T ^-00,0 
and He^ao T Hq 

,00 ■ 

(c) (a): we take | and introduce projections Qn of i/s^t onto 
Hs+e„.t-s„ C i?s.t, then Q„ t 1 by ( 3dl6| ). For any operator A e As.t we 
define A„ e As+e„,t-s„ by y4„/ = QnAf for / e Hs+s„,t-e„ C Hs,t and 
observe that A„ ^ A strongly, since ||A„|| < and Anf — > Af for all 

/ G U£>0i/s + £,(_£. □ 

See also 0, proof of 6.1.1]. 



6e2 Question. What about a counterpart of 3cl for the downward continuity 

( pT^ ) of (i/.,t,u.,t),<t? 

Operators If and subspaces ff„ (recall |6dl2| ) depend on the choice of a unit. 

6e3 Theorem. For every continuous product of Hilbert spaces, containing at 
least one unit and satisfying the (equivalent) continuity conditions |6el| (a,b), the 
subspaces Hq (B Hi ® . . . and Hoo do not depend on the choice of the unit. 

The theorem follows immediately from the next result (or alternatively, from 
3eTo| ). 

6e4 Pro posi tion. Let {Hs^t)s<t be a continuous product of Hilbert spaces 
satisfying |6el| (a,b) and containing at least one unit. Then Ho{s, t)0iJi(s, t)(B. . . 
is the closed linear span of (the set of all) decomposable vectors of H^^t, for 
—00 < s < t < 00. 



Proof (sketch) . Combine Proposition 6d20 and the generalization of 3b8 (men- 
tioned in Sect. 6d). □ 



Assuming 6el(a,b) we define Hf^ as the closed linear span of decomposable 
vectors of iJs,t and get for H'^^^ = Ht 



cls zjcls 

-00,00 



(6e5) H"^'' ^Ho®Hi®--- = HQH^ 

if at least one unit exists; otherwise dmiH'^'^^ = 0. Clearly, 

Hf^t ^ H^]l (g) Hf^t for - 00 < r < s < i < 00 , 

and we get the classical part {Hff )s<t of a continuous product of Hilbert spaces 
{Hs^t)s<t provided that dimH'^^^ 7^ 0. Proposition 6d23 shows that the classical 
part is the Fock space. 

Of course, the space Hi and the map Exp : Hi iJ^'** depend on the choice of 
a unit u. We make the dependence explicit by writing uHi instead of Hi and 
u Exp instead of Exp. Recall that an affine operator between two Hilbert spaces 
H' , H" is an operator of the form x 1-^ + Lx (for x £ H') where L : H' ~^ H" 
is a linear operator and e H" . Here and in the following proposition, Hilbert 
spaces over R or C are acceptable. 
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6e6 Proposition. Let {Hs^t)s<t be a continuous product of Hilbert spaces 
satisfying 6el(a,b), and {us^t)s<t, ivs,t)s<t two units. Then there exists an iso- 
metric affine invertible map A : uHi vHi such that the following conditions 
are equivalent for all / € uHi, g G vHi: 
{a)^{/)=5; 

(b) tho vectors uExp/, uExpg span the same one-dimensional subspace. 



Proof (sketch) . It follows from |6d23| that 
(uExp/i,uExp/2) 



(6e7) 



|wExp/i||||uExp/2|| 

(«ExpA,.) ("'-Exp/2),^^p^^^^^^^^_,|j^^|j2„i||^^||.) 



I {u Exp /i , u) I \{u,u Exp /2) 
for all /i , /2 G uHi . Therefore 

/c o^ |('"Exp/i,uExp/2>| . 1 2\ 

(6e8) |— ,,,, = exp(-i /i - /2 ) , 

l|wExp/i||||uExp/2|| 

which expresses the distance between /i and /2 in terms of the onc-dimcnsional 
subspaces spanned by u Exp fi and u Exp /2 . We get an isometric invertible map 
A : uHi vHi; it remains to prove that A is affine. In the real case (over R) 
it is well-known (and easy to see) that every isometry is affine. In the complex 
case (over C) one more implication of (3e7) is used: 



(6e9) exp(iIm(/2-/i,/3-/i)) = 

_ {u Exp /i , u Exp f2)(u Exp /2 , u Exp /a ) {u Exp /a , u Exp /i ) 
I (u Exp /i , u Exp /2 ) (u Exp /2 , u Exp /a) (w Exp /a , u Exp /i ) 



□ 



The dependence of the operators If^ on the choice of a unit is estimated 
below (which gives us another proof of Theorem |6e3[ ) . For convenience we write 
If and V rather than uW and vlf. 

6el0 Proposition. Let (i?s,t)s<t be a continuous product of Hilbert spaces 
satisfying 3el(a,b), and {us^t)s<t, (ws,t)s<t two units. Then the operators C/f j, 
Vff corresponding to these units satisfy the inequality 

Kt > (K':t)'exp(-4(lnp)ln|(w3,t,«M)l) 

for — oo < s < t < oo and p G (0, 1]. 

(Inequalities between operators are treated as inequalities between their 
quadratic forms, of course.) 

Proof (sketch). First, a general inequality 

(6ell) (2|(x,^)p-l)(2|(y,z)p-l)<|(x,y)p 
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is claimed for any three unit vectors x, y, z of a Hilbert space satisfying 2\{x,z)\^ > 
1. We prove it introducing a,f3,^ G [0,7r/2] by cosa = \{x,y)\, cos/? = |(a;,z)|, 
COS7 = \{y, z)\. We have a < /3 + 7. However, /? < 7r/4; also 7 < 7r/4, otherwise 
there is nothing to prove. Therefore cos 2a > cos2(/3 + 7), 2(cos 2/3)(cos 27) = 
cos2(/?- 7) + c os2(/3 + 7) < 1 + cos 2a and (2 cos^ /? - 1)(2 cos^ 7 - 1) < cos^ a, 
which is (Bell). 

Second, for a given p e [i, 1] and s < i we define operators U, V by 

Uf = pf+{1- p){f, U,^t)UsA , Vf = {2p - l)f + 2(1 - Vs,t)Vs,t ■ 

Assuming ||/|| — 1 and applying ( 6ell ) to a: = Ws,t, y = f, z — Vs^t we get 

{2\{u,,uvs,t)\^ ~ 1)(2|(/,«,,,>|2 - 1) < \{f,us,t)\^ 
provided that 2\{us^tjVs^t)\'^ ^ 1- It may be written as an operator inequality 



(2| 



Us,t,Vs.t) 



V~{2p-l)l 



1 < 



U- pi 
1-p 



{2\{u,^t,v,^t)\^ ~ 1){V - pi) < U ~ pi; 
(2|(u,,t,t-,,t)|2 - l)V + 2p{l - = 

= {2\{u,^t,Vs,t)\^ - 1){V - pi) + pi <U. 
Taking into account that F < 1 we have 
(6el2) {2p-l + 2il^ p)\{us,t,v,,t)\'')V <U. 



Third, using the upward continuity condition (similarly to 3dl£), for any e 
we can choose s — to < ti < ■ ■ ■ < tn — t such that | , wtj._i,tfc) | > 1 — £ 

for fc = 1, . . . , n. We apply ( 6el2 ) on each interval {tk-i,tk) rather than (s, t) 
and multiply the inequalities: 



n(2p-i + 2(i-p)i(wt,_,,t,,«t,_,.tjnv;^('.:;,„ 

A;=l ^ 

taking the limit of the net we get for p G [^,1] 

(6el3) \(us,uv.^t)\'"^''P^Vlr' <U^^,, 

since ln(2p - 1 + 2(1 ~p)a^) 2(1 - p){l - a^) - 4(1 - p)lna as a ^ 1. 

Fourth, we apply ( |6el3 ) to p = 1 — ^ (for an arbitrary c > 0) and raise to 
the n-th power, using the semigroup property of V ^ V: 

the limit (as n —>■ 00) gives 

Substituting p = exp(-c) we get \{us,t,Vs,t)\^'^^''^Vf^t < U^f □ 
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Definition pal| of a continuous product of Hilbert spaces {Hs^t)s<t stipulates 
the global space i/_oo,oo- However, all said about local spaces (for s,i ^ ±00) 



holds for local continuous products of Hilbert spaces (defined similarly to Sal 
but waiving the infinite points ±00 on the time axis). 

6f. Homogeneous case; Arveson systems of type I 

Given a homogeneous continuous product of Hilbert spaces {Hs^t)s<t, {^s t)s<t;h, 
we may consider the classical part of the continuous product of Hilbert spaces 
{Hs^t)s<t- It consists of spaces iJ^'f spanned by decomposable vectors. The time 
shift 9^ ^ sends iT^'f to Hf_^i^ since decomposable vectors go to decomposable 
vectors. We see that the classical part of a homogeneous continuous product of 
Hilbert spaces is a homogeneous continuous product of Hilbert spaces, provided 
that dimiJ'^''' > 0. 

If the homogeneous continuous product of Hilbert spaces corresponds to 
a noise then surely dim 7?'^'*' > 0, since constant functions are decomposable 
vectors. They are also shift-invariant, that is, invariant under the group of shifts 
(0'^), (that is, {0l^^^)h). ^ 

As before, the time set is [—00, 00], which is crucial below. 

6fl Proposition. For every homogeneous continuous product of Hilbert spaces 
{Hs^t)s<t, {9st)s<t;h, the subspace spanned by all shift-invariant decomposable 
vectors is either 0-dimensional or 1-dimensional. 



Proof (sketch). Let u,v be two such vectors, ||u|| = 1, ||u|| — 1. By Bel, the 



upward continuity ( pc3| ) of {Hs^t)s<t, ensured by 5c2, implies the upward conti- 
nuity dediel ) of {Hs^t,Us,t)s<t. By|6dT9|, {u,v) ^ 0. 



Clearly, < DILi l("fc-i,fc, t^fc-i,fc) |- However, \(uk^i^k-,'Vk^\,k)\ does 

not depend on k by the shift invariance. Thus, < < |(uo4,wo,i)r loi" 

all n, which means that |(uo,ii I'd,!) I — 1- 

Similarly to the proof of |6dl9| , | (u^oo -n, -n) | ^ 1 and \{un,oa-,Vn,oa)\—* 1 



as n CX3. Therefore = lim„ |(u_„^„, w_„_„)| = lim„ | (wq,!, wo.i) 1. 

□ 

6f2 Example. It can happen that decomposable vectors exist, but no one of 
them is shift-invariant. An example will be constructed from a (non-stationary) 
R-flow (Xs_t)s<t such that each X^^t is distributed normally, Var(Xs^t) = t — s 
(just like Brownian increments) and V^Xg^t — for —00 < s < t < Q, but 
EXs,t = t - s for < s < f < 00 (a drift after 0). Time shifts Th : ^ ^ 
defined by Xs,t°Th = Xs+h,t+h do not preserve the measure P (thus, our object 
is not a noise), however, they transform P into an equivalent (that is, mutually 
absolutely continuous) measure. These time shifts lead to unitary operators 9h 
on H — L2(ri, P); unitarity is achieved by multiplying the given function at 
TfiLo by the square root of the corresponding density (that is, Radon-Nikodym 



derivative), see Sect. 10a for details. The absolute continuity of measures is not 
uniform in h. Moreover, 9h ^ in the weak operator topology (as h ±00), 
which excludes any non-zero shift-invariant vector (decomposable or not). On 
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the other hand, waiving time shifts we get a classical system; decomposable 
vectors span H . 

Shift-invariant decomposable vectors are scarce, as far as global vectors are 
meant. Think about u = exp(iA(i?oo — ^-oo)) for a Brownian motion _B; u is 
ill-defined (unless A = 0), however Us^t — exp(iA(i?( — Bsj) is well-defined (for 
each A). 

Waiving the global space i?-oo,oo we get local homogeneous continuous prod- 
ucts of Hilbe rt sp aces, or equivalently, algebraic product systems of Hilbert 
spaces (recall |5c7[) . In order to exclude pathologies we impose a n atural condi- 



tion of measurability, thus turning to Arveson systems (recall 5c8 ) 



6f3 Definition. A unit of an Arveson system {Ht)t>o is a family (ut)t>o of 
vectors Ut G Ht such that 

(a) UsUt = Us+t for s, i e (0, oo), 

(b) the map t^ut from (0, oo) to l+Jj^g Ht is Borel measurable, 

(c) \\ut\\ = 1 for i e (0,oo). 

Arveson M 3.6.1] admits ||ut|| = e'^* for any c G M, but I prefer = 1 for 



compatibility with 6d6. 

Translating |6f3| into the language of local homogeneous continuous products 
of Hilbert spaces we get units {us,t)-oo<s<t<oo satisfying O'ltUg^t = Us+h.t+h 
and measurability. The latter can be enforced by appropriate scalar coefficients, 



see |6d4 Accordingly, 6f3(b) can be enforced by replacing ut with ctUt for some 
(ct)t>o such that CgCt — Cs+t- Continuity conditions |6el| (a-c) are satisfied locally 
(on every finite time interval). 

6f4 Lemma. Let {Ht)t>o be an Arveson system such that Ht contains at least 
one decomposable vector, for at least one t. Then the system contains a unit. 

Proof (sketch). Assuming that Hi contains a decomposable vector, we get a de- 
composable vector V € Hj of the cyclic-time system corresponding to the given 
system (recall Sect. ^). The space vHi need not be shift- invariant, however, 
the set {c • v Exp / : c € C \ {0}, / € vHi] of all decomposable vectors is shift- 



invariant. Applying 6e6 we see that T acts on vHi by affine transformations 
A'^ : vHi -> vHi; namely, i;Exp(yl'V) = c6't(w Exp/) for some c e C \ {0} 
(that depends on / and h). The action is continuous (recall ( |6e8| )), and has at 
least one fixed point, since the point J,^ A^f dh evidently is fixed, irrespective of 
/ G vHi . (Roughly speaking, the geometric mean of all shifts of a decomposable 
vector is a shift-invariant decomposable vector.) Let / be a fixed point, then the 



decomposable vector u = v Exp / satisfies 9jU = c{h)u, therefore O^u — e^'^'"'' 
for some n E "E. 

1 /n 

Now it will be shown that n = 0, by checking the equality 6j u = u 
for all n = 1,2,... Instead of u we use here another vector of the same one- 

n— 1 — — 

dimensional subspace, namely, (^JJ^q i.'^o J- • ^PPly^S to it the operator 6j = 

n — l — n— 1 — — n — 1 n — 1 — 

(8)Lo ^1 h+i we get ^l^Q 6l k±iO^,u„^± = 0^^^ 9^^\ u„± = iS>l=o ^o>"o i- 



u 
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Having Ol^u — u for /i G T, we return to the linear time and construct a unit 
('Wt)t>o, namely, Un+t ~ ut® ■ ■ ■ ®uy ^u^^.t for n — 0,1,2,... and < i < 1. 

n 

□ 

The classical part H^^^ of Ht may be defined as the closed linear span of 
all decomposable vectors of Ht. Clearly, Hf'^ ® Hf^ = Hf^f., and we get an- 
other Arveson system {Ht^'^)t>o, the classical part of the given Arveson system, 
provided that diuiHf^ ^ 0. 

6f5 Definition. 6.0.3] An Arveson system {Ht)t>o is decomposable, if for 
every t > 0, the space Hf is the closed linear span of its decomposable vectors. 

The classical part of an Arveson system is decomposable. Here is a counter- 
part of Theorem |6cl| . 

6f6 Theorem. Every decomposable Arveson system is generated by its units. 

That is, Ht is the closed linear span of vectors of the form (ui) ±{u2) ± ■ ■ ■ 
{un)±, where ui,U2, ■ • ■ ,w„ are units. See also 6.0.5], Cor. 6.6]. In order 
to prove the theorem wc first translate everything into the language of a local 
homogeneous continuous product of Hilbert spaces {Hs^t)s<t, {Ost)s<t;h and 
its classical part {Hf^)s<t, (^s,t lff<=i= )s<t;/i- We know from Sect. |6^ that Hf^ = 
uHo{s, t)®uHi{s, t)(B- ■ ■ = Hs^tQuHoc,{s, t) for any unit u (not necessarily shift- 
invariant; and if TJ^,* contains no units then dimff^'f = 0). Also, we have the 
map Us,* Exp : Us,tHi{s,t) H^]t satisfying (u^^t Exp/, u^^t Expg) = exp(/, 5). 
All decomposable vectors of Hs.t are of the form Us,t Exp / up to a coefficient. 
Thus, if^'f is the Fock space, 

We have no global space -ffl'^ ^, but still, the global first chaos space uHi = 
uHi(— 00,00) is well-defined, according to additive relations Ur^sHi{r, s) © 
Us,tHi{s,t) = Ur,tHi{r,t). 

Assume now that the unit u is shift-invariant. Then the subspace uHi is shift- 
invariant. We have no global exponential map wExp : uHi — > H'^^^, but we have 
a family of local exponential maps Ug^t Exp : Us^tHi{s, t) — > Hf^ shift-invariant 
in the sense that Us+h,t+h'Ex.p{0^ J) ^ 9'^fUs.tExpf for / G Us,tHi{s,t). 

Similarly to the proof of Theorem |6cl| , time shifts induce unitary operators 
Uh ■ uHi — > uHi such that U^^Qs,tUh — Qs+h,t+h, where Qs,t is the projection 
oiuHi onto Us,tHi{s,t) C uHi. They lead to Weyl relations UhVx = e'^'^VxUh, 
and so. Hi decomposes into the direct sum of a finite or countable number of 
irreducible components, unitarily equivalent to the standard representation of 
Weyl relations in L2(K). Similarly to Sect. |6c| we may treat uHi as the tensor 
product, uHi ~ £2(1^) ~ L2{M.,'H), where L2(K) carries the standard rep- 
resentation of Weyl relations, and H is the Hilbert space of all families {gs,t)s<t 
of vectors gs.t G Us^tHi satisfying g^.t = 3r,s + gs,t and shift-invariant in the 
sense that O^tQs^t = gs+h.t+h- 
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Given a decomposable vector uo^tExpg G Ho,t, we approximate g £ 
Wo,t-ffi{0,t) = L2{{0,t),H) by step functions g„ : (0,i) — > H constant on 

(0' n)' (n ' Tt)' ■ ■ ■ ' ( ^"~^^* ,^). Applying uo,t Exp to this step function we com- 
plete the proof of Theorem |6f6| . 

At the same time we classify all classical Arveson systems up to isomorphism. 
They consist of Fock spaces, 

Ht = e^2((o,t).H) 

with the natural multiplication (and Borel structure). The classifying param- 
eter is dimTi; e {0, 1, 2, . . . jU {oo}. See Arveson ||, Th. 6.7.1, Def. 3.1.6 and 
Prop. 3.5.1] and Zacharias |5|, Th. 4.1.10]. 



6g. Examples 

The two noises of Sect. ^ (splitting and stickiness) are nonclassical noises; both 
satisfy jr^t^bic ^ jT^hite^ c (recall Sect. ||). The corresponding con- 

tinuous products of spaces L2 are nonclassical continuous products of pointed 
Hilbert spaces (recall Sect. ^), their classical parts being L2{J-^^^^^'^) . Accord- 
ing to Sect, pa, they are also nonclassical continuous products of Hilbert spaces; 
still, L2{J-^*' are their classical parts. According to Sect. these nonclassical 



products lead to Arveson systems. See also Question 9d9. In both cases (split- 
ting and stickiness), the classical part of the Arveson system is the Fock space 
H'^^^ = L2 i^-^^'oc ) ■ We see that the classical part is neither trivial nor the whole 
system; such Arveson systems (or rather, the corresponding £^o-semigroups) are 
known as type // systems, see 2.7.6]. Type / means a classical system, while 
type /// means a system with a trivial classical part. 



7. Distributed singularity, black noise (according to Le Jan and 
Raimond) 

7a. Black noise in general 

7al Definition. A noise is black if its classical part is trivial, but the whole 
noise is not. 

In other words: all stable random variables are constant, but some random 
variables are not constant. There exist nontrivial centered (that is, zero- mean) 
random variables, and they all are sensitive. The self-joinings (ap,/3p) and the 
operators If^ introduced in Sect. ^ are trivial, irrespective of p € [0, 1), if the 
noise is black. (See also Remark 2.1].) 

Existence of some black noise is proven by Vershik and the author 
Sect. 5], but the term 'black noise' appeared in Why 'black'? Well, the 
white noise is called 'white' since its spectral density is constant. It excites 
harmonic oscillators of all frequencies to the same extent. For a black noise, 
however, the response of any linear sensor is zero! 

What could be a physically reasonable nonlinear sensor able to sense a black 
noise? Maybe a fluid could do it, which is hinted at by the following words of 
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Shnirelman p. 1263] about a paradoxical motion of an ideal incompressible 
fluid: very strong external forces are present, but they are infinitely fast 
oscillating in space and therefore are indistinguishable from zero in the sense 
of distributions. The smooth test functions are not "sensitive" enough to "feel" 
these forces.' 

The very idea of black noises, nonclassical continuous products etc. was 
suggested to me by Anatoly Vershik in 1994. 

Two black noises are presented in Sections [tI, Two more ways of con- 
structing black noises are available, see |Q and ||4C, 8b]. 



By Theorem |6a4| , a noise is black if and only if dim iJi = 0, that is, the 
first chaos space is trivial. More generally, a continuous product of probability 
spaces has no classical part (that is, its classical part is trivial) if and only if 
Aim Hi = 0. 

7a2 Lemma, (a) For every continuous product of probability spaces, the first 
chaos space Hi is equal to the intersection of spaces of the form 

over all finite sets {io, . . . , in} C M, —oo < to < ■ ■ ■ < tn < oo. Here L2{s, t) C 
L2{^~ao,oo) consists of all / e L2[Ts,t) such that E / = 0. 

(b) If the continuous product of probability spaces satisfies the downward 
continuity condition ( |3d6| ) , then the intersection over rational tg, . . . ,t„ is also 
equal to Hi . The same holds for every dense subset of M. 



Proof (sketch), (a): Follows easily from |6al| . 

(b): Given an irrational t € K, we choose rational t t. The downward 
continuity gives E (/ 1 .7>^,cx) ) ^{f\^t,oo)- If / belongs to the intersection 
over rationales then / = E(/| J^^oo.rfc) + E(/| J^,-^._oo), thus E (/ | J^_oo,rfc ) 
/-E(/|.Ft,oo). Taking E(... \T-oo.t) we get E(/|.F_oo,rJ ^ E (/ | J^_oo,t ) ' 
therefore / = E ( / 1 T^^^t ) + E ( / 1 ^t.oo) • □ 



7a3 Corollary, (a) For every continuous product of probability spaces, the 
orthogonal projection of / G ^2(^^-00,00) such that E / = to i/i is the limit 
(in L2) of the net of random variables 

E(/|^-oo,t„) +E(/|.Ft„^t,) + ---+E(/|.Ft„_„t„) +E(/|.Ft„,oo) 

indexed by all finite sets {io, ■ • • , tn\ C K, —00 < to <■■■< tn < co. 

(b) For every noise, the orthogonal projection of / e L2{J-o,i) such that 
E / = to Hi{0, 1) is equal to 



lim VE(/|j^(fe_i)2--,fc2-") 



fe=l 

(c) A noise is black if and only if 

2" 

lim VE(/|.F(fe_i)2-.,fc2-") = for all / G L2{J'o.i), E / = 



n — *00 ' 



B. Tsirelson/Nonclassical flows and products 



71 



(or equivalently, for all / of a dense subset of X^l-^o.i))- 



Proof (sketch), (a), (b): Consider the projections to the spaces treated in 7a2 



use 3d5 



(c): If dim Hi (0, 1) = then dim Hi {n, n + 1) = by homogeneity, therefore 
dimi?i==0. □ 

See also 6a4]. 

7a4 Corollary. For every continuous product of probability spaces and every 
function / G £2(^1), if 

Var(E(/|^,,,+,)) =o(e) as e ^ 

uniformly in s G [r, t] , then / is orthogonal to Hi (r, t) . 

Proof (sketch) . Assuming E / = we see that 

n 2 ^ 

||^E(/|.F.,„„,,)|| =5]Var(E(/|.F,,_„.J) 

k=l k=l 

is much smaller than ~ Sfe-i) = t — r whenever r = sq < si < ■ ■ ■ < 

Sn = t are such that max(sfe — Sk-i) is small enough. Thus, the limit of the net 
vanishes. □ 

7b. Black noise and flow system 

7bl Proposition. Let a flow system {Xs,t)s<t, Xs,t ■ ^ Gs,t be such that 
for every interval (r, C M and bounded measurable function / : Gr,t ^ K, 

(7b2) Var(E(/(X,,t)|-^.,s+e)) =o(£) as e -> 

uniformly in s S [r, t] . Assume also that the classical part of the correspond- 
ing contin uous p roduct of probability spaces satisfies the equivalent continuity 
conditions 6al3| (a-c). Then the classical part is trivial. 



Proof (sketch). By [7a4| the random variable f{Xr^t) is orthogonal to Hi{r,t). 
However, {Hr,s Q Hi{r,s)) (g) {Hs,t Q Hi{s,t)) C Hr,t G Hi{r,t), since Hr,s Q 
Hi{r, s) = {Ho®H2ir, s) ® H^ir, s) ® . . .) (B H^{r, s), and Hk{r, s) ® Hi{s,t) C 
Hk+i{r, t) for fc, Z e {0, 1, 2, . . . } U {00}. Therefore random variables of the form 
fi{Xr,s)f2{Xs,t) are orthogonal to Hi{r,t). Similarly, random variables of the 
form fi{Xto,ti)f2{Xti,t2) ■ ■ ■ fn{Xt^^-^^tJ ioi to < ti < ■ ■ ■ < are orthogonal 
to Hi. These random variables being dense in L2{^), we get dimiJi ==0. □ 

We have 

^{f{Xr,t)\^s,s+E) ^ ^{f{Xr,sXs^s+6^s+E.t)\^s,s+e) — 

= ^{f{Xr^sXs,s+e^s+E,t) \^s,s+e) = fs,s+s{^s,s+e) i 
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where /. 



G 



is defined by 



(7b3) fs,s+e{y) = j f{xyz) ^r,s(da;)Ais+£,t(dz) ; 

as before, the measure /^s,t on Gs,t is the distribution of Xs.t- Therefore 



Var(E(/(X,,0|^.,s+e)) = / |/s,.+e|'dM, 



and (7b2) becomes 

(7b4) y |/,,,+,|2dAi. 



o{e) 



uniformly in s, for all / G Loo{Gr,t, IJ-r.t)- It is sufficient to check the condition for 
all / of a subset of Lao{Gr.t, ^^r,t) dense in L2{Gr,t, IJT,t) (recall the last argument 
of the proof of [7bl|). 

7c. About random maps in general 

It is often inconvenient to treat a random process as a random function, that 
is, a map from to the space of functions. Say, a Poisson process has a right- 
continuous modification, a left-continuous modification and a lot of other mod- 
ifications, but the choice of a modification is often irrelevant. It is already stip- 
ulated in Sect. |3^ that "a stochastic fiow (and any random process) is generally 
treated as a family of equivalence classes (rather than functions)" , but now we 
have to be more explicit. 

7cl Definition, (a) An S-map from a set A to a standard measurable space B 
consists of a probability space (fi, J-', P) and a family S — {^a)a£A of equivalence 
classes of measurable maps D, ^ B such that J-' is generated by all ('non- 
redundancy'). 

(b) The distribution A = A^ of an S-map S is the family of its finite- 
dimensional distributions, that is, the joint distributions Xai,...,a„ of B-valued 



random variables 



, Sa„ for all n = 1, 2, . . . and ai, . . 



e A. 



Of course, two maps B are called equivalent iff they are equal al- 

most everywhere on f2. As always, f2 is a standard probability space. The non- 
redundancy can be enforced by replacing {fl,J-', P) with its quotient space. 

One may say that an S-map A — > i? is a i?-valued random process on A, 
provided that all modifications are treated as the same process. 

Two S-maps are identically distributed (Ah = A^/) if and only if they 
are isomorphic in the following sense: there exists an isomorphism a between 
the corresponding probability spaces such that = S[j o q for a G A. 

7c2 Example. A stationary Gaussian random process on M, continuous in 
probability, may be treated as a special curve ('helix') in a Hilbert space of 
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Gaussian random variables. Depending on the covariance function, sometimes 
it has continuous sample paths, sometimes not. In the latter case we have no 
idea of a 'favorite' modification, but anyway, the corresponding S-map from 
R to M is well-defined (and continuous in probability), and its distribution is 
uniquely determined by the covariance function. 

7c3 Example. Skorokhod Sect. 1.1.1] defines a strong random operator on 
a Hilbert space H as a continuous linear map from H into the space of -ff- valued 
random variables. It may be treated as a linear continuous S-map H H, but 
generally not a random linear continuous operator H H. 

My term 'S-map' is derived from Skorokhod's 'strong random operator'; 'S' 
may allude to 'stochastic', 'Skorokhod', or 'strong'. 

Every S-map !B from ^4 to i? leads to a linear operator from the space 
of all bounded measurable functions on B to the space of all bounded functions 
on A; namely, 

(rf^)(a)=E^(Sj. 

However, Tf' involves only one-dimensional distributions of S. Joint distribu- 
tions are involved by operators from bounded measurable functions on 
to bounded functions on A"; here n S {1, 2, . . . } U {oo}, and B°° consist of 
infinite sequences: 

(r^V')(ai, . . . ,a„) = E(y5(Sai, . . . ,Sa„) for n < oo , 

(7c4) 

{T;i'P){ai,a2, ■■■) = E(y5(ilai,=a2, ■ ■ • ) ■ 

Clearly, the operator determines uniquely (and is determined by) the n-di- 
mensional distributions Xai,...,a„ of S; thus, the distribution of S (determines 
and) is uniquely determined by the operators Tf', T^, T^, . . . together (or equiv- 
alently, the operator alone) . See also Sections ^ for a description of the 
class of all operators of the form T^. 

Assume now that A is also a standard measurable space (like B). 

7c5 Proposition. The following two conditions are equivalent for every S-map 
S from A to B: 

(a) the map a i-^- Sa is measurable from A to the space Lq{Q, — > B); 

(b) there exists a measurable function ^ : A y. VL B such that for every 
a A the function lj i— > ^(a,a;) belongs to the equivalence class S^. 

Proof (sketch). We may assume that ^ ~ A = B = 

(b) =J> (a): the set of all f satisfying (a) is closed under pointwise (on Axil) 
convergence. 

(a) (b): we may take 

^(w,a) = limsup — / Sa(cj)dw 

e^O ^£ Jui-e 

(which is just one out of many appropriate ^). □ 
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See also ||T^, Introduction (the proof of (II)=> (I))]. 

S-maps satisfying the equivalent conditions |7c5K a,b) will be called measur- 
able. 

Every measurable S-map S from A to B leads to an operator from 
probability measures on A to probability measures on B (or rather, a linear 
operator on finite signed measures), namely, 

J A J A 

for all bounded measurable (p : B ^ W. In other words, T^v is the image of 
1/ X P under the map ^ : A x ft B corresponding to S as in 7c5(b). In fact, 

T^v = E2i, where Sj, is a random measure, the image of u under the map 
: A B, ^u}{a) = £,[a,Lj). Another choice of ^ (for the given S) may change 
only on a set of zero probability. Similarly, for any measure u on A", 

Lpd{T^v)= / E(/3(Sa^, . . . ,Sa„) i^(dai . . .da„) = / {T^ip)dv 
JA" Ja„ 

for tf : B" M. The same holds for n ^ oo. 

Let A, B, C be three standard measurable spaces and S', S" be measurable 
S-maps, S' from A to B, S" from B to C, on probability spaces re- 
spectively. Their composition S = S'S" is a measurable S-map from ^ to C 
on Q — CI' X ri" (or rather its quotient space, for non-redundancy), defined as 
follows: 

C(a, {lo',lu")) = C'{Cia,^'),uj") for lo' G fl', lo" G fl" , 

where ^ : ^ x (Q' x Q") ^ C, C ■ A x fl' B, C ■ B x Q" ^ C correspond to 
S, S', S" as in [7c5| (b). The composition is well-defined by the next lemma. 

7c6 Lemma. Prop. 1.2.2/1.1] The composition S = S'S" does not depend 
on the choice of , 

Proof (sketch). For a given a, a change of ^' influences Sa(-,-) on a subset 
of fii X negligible, since its flrst projection is negligible. A change of 
influences Sa(', ■) on a subset of ili x negligible, since all its sections {oj' = 
const) are negligible. □ 

The distribution A of S = S'S" is uniquely determined by the distributions 
A', A" of S' and S" (since distributions correspond to isomorphic classes), and 
will be called the convolution of these two distributions, A = A' * A". It is easy 
to see that S = S'S" implies 

Tn'P = T^' &'n" ^) and T^v ^ Pf (P^' v) . 

We may treat S' and S" as independent S-maps on the same probability 
space ri; namely, E'^{uj\llj") = S^(cj') and E'^{uj',uj") — E'^{uj"). Conditional 
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expectations are given by 

(7c7) E(^(S„)|S') = (rfV)(s:.), 

(7c8) E(^(SJ|S")^ / <^(S',')(rf'<S,)(d6) 



for all bounded measurable : C ^ K, where 5a is the probability measure 
concentrated at a, and 'E!^ means ^"(6,-); the choice of 5" does not matter 
(similarly to [7c6|). More generally, 



(7c9) E(^(Sa,,...,S,j|S') = (Tf ^)(Sl^,...,S;j, 

(7cl0) E(^(Sa,,...,SaJ|S") = 

^(s;;,...,S','J(T5,5,,,...,,J(d6i...d6„) 



for all bounded measurable ip : C" —> R and n < oo; similar formulas hold for 
n = oo. 

See also Sect. 1] and @ Sect. 8d]. 
7d. Flow systems of S-maps 

Let A" be a compact metrizable space (mostly, the circle will be used). Then 
Lo(ri — > X) is equipped with the (metrizable) topology of convergence in prob- 
ability. 

7dl Definition. An S-map S from A" to A' is continuous in probability, if the 
map X I— > is continuous from X to io(^ ^ '^)- 



Clearly, 7dl is stronger than 7c5(a). Continuity in probability is preserved 



by the composition, which is made clear by the next lemma. 

7d2 Lemma. The following three conditions are equivalent for every S-map S 
from X to X: 

(a) S is continuous in probability; 

(b) Tfip e C{X^) for all ip € C{X^); 

(c) T^ip G C(A'") for all ip e C(A'") and all n = 1, 2, 3, . . . 

Proof (sketch), (a) =^ (c): the map {xi, . . . ,Xn) '-^ C^xi, ■ ■ ■ ,'Ex„) from X" 
to LqI^I A"") is continuous, therefore EpCE^x-^, ■ ■ ■ ,'B,x^) is continuous in 
Xi , . . . , . 

(c) (b): trivial. 

(b) =^ (a): let p be the metric, (^(xi, X2) — dist(a;i, X2), then (r|^c/3)(xi, X2) = 
E dist(Sj:j , Sxa) = on the diagonal xi — X2] by (b), E dist(Sj,j , S^j^) ^ as 
dist(xi,X2) — + 0, which is (a). □ 

A Lipschitzian version, given below, will be used in Sect. |7|. By Lip((^) we 
denote the least C £ [0, 00] such that dist{p{xi),p{x2)) < Cdist(a;i, X2) for all 
xi,X2; p is a, Lipschitz function iff hip(p) < 00. 
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7d3 Lemma. The following three conditions are equivalent for every S-map S 
from X to X: 

(a) there exists C such that E dist(S2.j , S^^) 1^ Cdist(a;i, 0:2) for all xi,X2 G 

(b) there exists C2 such that Lip(r^(y9) < C2 Lip(<^) for all Lipschitz func- 
tions (/J : ^ R; 

(c) for each n = 1,2,3,... there exists C„ such that Lip(T;f (p) < C„ Lip((/3) 
for all Lipschitz functions if : X" R. 

(Any 'reasonable' metric on A"" may be used, say, dist((xi, . . . , a;^), 
K , • ■ • , O) = Efe dist(4, 4'), or maxfe dist(4, 4')-) 

Proof (sketch), (c) => (b) (a): trivial; 

(a) =^ (c): the same as '(b) =4> (a) (c)' in the proof of 7d2, but 
quantitative. □ 

A convolution system of S-maps (over X) maybe defined as a family (As.f)s<t, 
where each As^t is the distribution of an S-map from X to X , continuous in prob- 
ability, and 

Ar,t — Ar.s * As,t 

whenever r < s <t. 

Every convolution system of S-maps leads to a convolution system as defined 
by 3bl. Namely, each A^^t leads to a probability space {Gs,t, ^^8,tY carrying an 
S-map Ss^t — {^x*')xex, SJ'* £ LQ{Gs,t X) and unique up to isomorphism 
(between S-maps). Given r < s < t we have S^,* = ^r,s^s,t up to isomorphism, 
which gives us a representation of Gr,t as a quotient space of Gr,s x Gs,t, that 
is, a morphism Gr.s x Gs,t — >■ Gr,t- The convolution system {Gs,t, IJ-s.t)s<t is 
determined by {As^t)s<t uniquely up to isomorphism. If it is separable (as defined 
by 3b4) then it leads to a flow system, that is, all S-maps S^,* = (E^'*)x may be 
defined on a single probability space (il,P), satisfying (recall 3b2(a,b)) 

St2^t3, . . . , Et„_-^^t„ are independent for ti < t2 < ■ ■ • < in ; 
(7d4) _ „ „ 

^r,t = ^r,s^s,t ior r < s <t. 

According to Sect. the flow system leads to a continuous product of proba- 
bility spaces. 

A sufficient condition for the separability is, temporal continuity in probability 
(in addition to the spatial continuity in probability assumed before for each Ss^t): 



(7d5) both "^'^ and ^^^^'^ converge to x in probability as £ ^ 0+ , 

for all s G M and a; G A". It involves only one-dimensional distributions, AJ'*, and 
may be reformulated in terms of the operators rf'* = T^"'* ; G{X) — > G{X), 
namely, 

both Tl~'^"'^{ip) and T^'"'^'^ {tp) converge to if pointwise as e — > 0-1- , 

^Not {Qs,t, Ps,t) for conformity to Sect. [jb] . 
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for all s € R and Lp G C{X). 

7d6 Lemma. Condition ( [7d5| ) implies separability. 

Proof (sketch). It is sufficient (recall the end of Sect. ||) to prove that S^^^'* - 
S*'* and 5^'*+"^ —> SJ'* in probability as e ^ 0, for x £ X and s < t. We have 

Edist(sr^'*,SJ'*)= / (Edist(S^',*,Sf)) (rr--4)(dx'). 

By ( [7d5| ), Tf=-"'=4 ^ 4- By continuity in probability, E dist(S^'/, SJ^*) -> 
as a:' ^ a;. Therefore E dist(SJ-^'*, SJ'*) ^ 0. 
Also, 



Edist(S^■*+^S:'*)= / (E dist(4■,*+^ x')) (rr-'4)(da;')->0, 



X 



since the integrand converges to for every x' . 



□ 



7d7 Remark. The continuous product of probability spaces, corresponding 
to a flow system {Ss^t)s<t of S-maps from X to X, is classical if and only if 
random variables (^(2^'*) are stable for all s < i and all bounded Borel functions 
(fi : X ^ M. {a, single (p is enough if it is one-to-one). Proof: similar to 4c5. 

See also Sect. 1]. 
7e. From S-maps to black noise 



Let X, {Gs,t, fJ-s,t)s<t and {Es^t)s<t be as in Sect |7d|, sa tisfying (|7d5|). 

Sect. 7b gives us a sufficient condition (7b2)-(7b3)-(7b4) (in combination 
with dalSK a-c)) for triviality of the classical part of the corresponding continu- 
ous product of probability spaces. 

Instead of all / € Lao{Gst) we may use a subset of Loa{Gst) dense in 
L2{Gs,t)- 

The CT-field on Gr.t is generated by A'-valued random variables for x £ X. 
Therefore functions of the form 



(7el) for^eC(A'"), (xi, 

and n 1, 2, . . . are dense in L2{Gr.t)- 



1 -^n) ^ X^ 



7e2 Lemma. Assume that n G {1, 2, . . . } is given, a linear subset En of C(A'"), 
dense in the norm topology, and a linear subset iV„ of the space of (finite, signed) 
measures on X^, dense in the weak topology; and an interval {r,t) C M. Then 
functions of the form 



(^(S^;*, . . . , ^^'*) iy{dxi ...dxn) for G F„ and £ iV„ 



are L2-dense among functions of the form (7el) for the given n. 
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Proof (sketch). For every G F, the map L2{Gr,t) given by (xi, . . . , x„) 

I— > . . . , S^'*) is continuous (since Er^t is continuous in probabiHty). There- 

fore, i^k — > Sxi^...,x„ (as fc ^ oo) impHes 

/ ^(S;-* ...,S^'/)i.fc(dx;...dx;)^^(S;f,...,S5*) inL2(G.,,)- □ 

Substituting f ^ J ¥'(S^'*, . . . , S^'*) i/(da;i . . . da;„) to ( [7b3| ) we get 

(7e3) = / (^„==+-V)(SJ'^^ ■ • ■ fr=^)(dxi . . .dx„) . 

7e4 Proposition. (Le Jan and Raimond; impUcit in (2l].) Let a flow system 
(Ss^f)s<f of S-maps from X to X and a probabiUty measure i^q on A" satisfy the 
conditions 

(a) (stationarity) the distribution of "Bg^s+h does not depend on s; 

(b) (invariant measure) T^^'^vq vq for s < t; 

(c) (Lipschitz boundedness) if (^a G C(A:'") is a Lipschitz function, then Tn''''(p 
is also a Lipschitz function, with a Lipschitz constant 

Lip(i;7 = V) < Cn Up{ip) for < s < i < 1 , 

where C„ < oo depends only on n; 

(d) supVar I / (y3(S|^f , . . . , S|^'^^) i^(dxi . . . dx„) ) = o(e) as e 0, 

where the supremum is taken over all ip G C(A'") such that Lip{ip) < 1 and 
all positive measures v on X" such that I'l < vq, . . . < '^o! here i^i, . . . ,Vn 
are coordinate projections of i>, that is, J ip{xk) I'idxi . . . dxn) = / '^3(2;) i'k{dx) 
for ^ e C(A'). 

Then the corresponding noise is black. 



Pro of (sketch). The contin uity condition 6al3|(a- c) is ensured by (a). By L emm a 



7e2| it is sufficient to verify (|7b2[) in the form (|7b4|) when fs, s+s is given by (|7e3|) , 
assuming that ip and have the properties formulated in (d) . In order to apply 
(d) to the function ips+s = Tn'^'^'^f (instead of Lp) and the measure = Tn'^''v 
(instead of v) we only need to check that these properties of p and v are in- 
herited by p^s+e and v^. The Lipschitz property of Ps+e follows from (c), up to 
the (harmless) constant C„. The property of Vg (majorization of its coordinate 
projections) follows from (b). □ 

7/. Example: Arratia's coalescing flow, or the Brownian web 



- + 
■ + + 
+ + 

+ - y x\ 

: 4^ 




(a) (b) (c) 
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A two-dimensional array of random signs (a) produces a system of coalescing 
random walks (b) that converges in the scaling limit (c) to a flow system of 
S-maps, introduced by Arratia in 1979 and investigated further by Toth, 
Werner, Soucaliuc Q, |Q, Pontes, Isopi, Newman, Ravishankar Q, Le Jan 
and Raimond j2^, Sect. 3]. It consists of infinitely many coalescing Brownian 
motions, independent before coalescence. Our approach, based on S-maps, deals 
with e quiva lence classes S*'* rather than sample functions {x,s,t) ^ ^s.f(a;, a;) 



(recall 7c5(b)); fine properties of sample functions, examined in some of the 
works cited above, are irrelevant here. 

The space X is the circle T = R/Z. The distribution of Sg^^+t does not 
depend on s (stationarity). The (one-dimensional) distribution of S^'* is the 
normal distribution N{x,t) (or rather, the distribution of {x + () mod 1 where 
( ^ N{0, t)). It may be thought of as the distribution of x -I- -B* where (i?s)s is 
the (standard) Brownian motion in T. The (two-dimensional) joint distribution 
of S°'* and S^-^* is the joint distribution of xi + Bj^' and Xk + b[^^ where 

(i?s^'')s, {B^^^)s are two independent Brownian motions in T, and k : Q. ^ {1, 2} 
is a random variable, defined as follows: 



(7fl) 



1 'iiTmn{s:xi+Bl'=X2+B)r'}<t, 

2 otherwise. 



/ {k{s))\ 

That is, the second Brownian motion [xk(s) + Bs )s is independent of the 
first one, as long as they do not meet. Afterwards they are equal. In spite of the 
asymmetry (the second motion joins the first), the resulting distribution does 
not depend on the order of initial points. Joint distributions of higher dimensions 
are defined similarly. We have 

(7f2) E dist(S°;*, 5°'*) < dist(a;i, a;2) 

since the process 1 1-^ dist(S^'^*, is a supcrmartingale. (On R it would be a 
martingale, but we are on the circle.) Thus, for every t the S-map So,t is con- 



tinuous in probability. The temporal continuity in probability (7d5) is evident. 



The uniform distribution i^o on the circle evidently is an invariant measure in 



the sense of 7c4(b) 



By (7f2), ^o.t satisfies [7d3|(a), which implies 



7d3(c), the constants C„ not 



depending on t. Thus, 7e4(c) holds (as well as 7e4(a,b)). In order to get a black 
noise, it remains to verify ^e^(d) . 

Let us start with the case n = 1. We consider Var(/ ip{E^''^) v{dx)) assuming 
Lip((/3) < 1 and < < t'o. Note that 

Var (^1 . . = 11 Cov(^(S«f ), ^{E%^)) i.{dx,Mdx2) . 

On one hand, 

I Cov(^(SSf ), ^{El'^)) I < V^Va^^^(sSf) VWS?) < s 
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Since M'E.m - < |S| 



770,e 



and E {E^^" - < e. (The latter would be 



= e' on M, but we are on the circle.) On the other hand, we may assume that 
|</j||c(A') < const • Lip((/3) < const; using (7fl), 



= I Cov(^(a;i + bP), ^{xk + B^'^^) - ^ix2 + bP))\ < ||^||^(;,)P (fc = l) . 

However, the probability of meeting, P(fc = l), is (exponentially) small 
for dist(a:i,a;2) > y/e, therefore JJ^.^^^^^^,^^^^g\Cov{. . .)\iy{dxi)i/{dx2) is 
o(e) (in fact, exponentially small) as e ^ 0, for every 5 > 0. Also, 
//dist(:.i,:.2)<5l*^o^(---)l''(^^i)^(^^2) < //dist(xi,x3)<5e^o(da;i)z.o(dx2) = 
e • 26. It follows that Var(J • • ■) = o{e) as e ^ 0, uniformly in (p and i^. 

Generalization for n = 2,3,... is straightforward. One estimates the 
{u X i^)-measure of the set {{{x'l, . . . , x'„), {x'{, . . . , a;")) G A"" x A"" : dist(a;'j,, x") 
< 6} for each pair (fc,Z) separately (taking into account that i^^. < vq, i>i < vq), 
and consider the union of these sets. 

By Proposition [7c4| , the noise corresponding to Arratia's coalescing flow is 
black. 

The proof presented above, due to Le Jan and Raimond Sect. 3], is 
simpler than Sect. 7]. 



7g. Random kernels 

By a kernel from a set A to a standard measurable space B we mean a map 
A 'P{B). Here 7^(-B) is the standard measurable space of all probability 
measures on B, equipped with the ct- field generated by the functions V{B) —^ R 
of the form ^ ^ J ip d/i, where (p runs over bounded measurable functions 



B ^R, sec 17, Sect. 17.E 



7gl Definition. An S-kernel from a set A to a standard measurable space B 
is an S-map from A to V{B). 

This idea was introduced by Le Jan and Raimond in order to describe "tur- 
bulent evolutions where [. . . ] two points thrown initially at the same place sep- 
arate" Introduction]. 

Note that B is naturally embedded into 7'(i?) (by h ^ (5b, the measure 
concentrated at h) . Accordingly, a map A B may be treated as a special case 
of a kernel, A ^ B <Z 'P(S). Similarly, an S-map S (from A to B) may be 
treated as a special case of an S-kernel K (from AtoB)\ namely, Ka = (5h„. 

By the distribution Kk of an S-kernel K from A to -B we mean the distri- 



bution of K as an S-map from A to V{B); it consists (recall 7cl(b)) of the joint 
distributions Xai,...,a„ of 7'(-B)-valued random variables i^ai, • ■ • , ^o„- 

Usually it is difficult to construct an S-kernel (or a flow of S-kernels) directly, 
by specifying joint distributions of measures (or corresponding infinitesimal-time 
data). It is easier to do it indirectly, by specifying joint distributions of points 
and using a moment method described below. 
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Let K be an S-kerncl from A to B. Combining formally 7gl and ( [7c4| ) one 
could treat as defined on the (huge) space of functions on V{B), but we 
prefer it to be defined on the same (modest) space as in Sect. |7^. Namely, we 
define a linear operator T-^ from the space of all bounded measurable functions 
on B to the space of all bounded functions on A by 



(Tf^)(a) =E / ifdKa. 

JB 



In other words, we restrict ourselves to linear functions on V{B), 1^ ^ J fdji. 
For an S-map S from A to B, treated as (a special case of) an S-kernel K , we 
have Tf = T/^, since / (/^dfe^ = v{^a)- Generally, for n g {1, 2, . . . } U {co} 
we define a linear operator from bounded measurable functions on _B" to 
bounded functions on A" by 



(r^(^)(ai, . . . ,a„) = E / Lpd{Ka^ X ■ ■ ■ X KaJ for n < oo . 

(7g2) 



(r^(^)(ai,a2,...) =E / ^d{Ka, xKa,x ...). 



B° 



(Of course, / ipA{Ka^ x • --xKaJ means / ip{bi, . . . ,6„) Ka^idbi) . . .Ka„{dbn).) 
These expectations of multilinear functions of Ka^ , ■ ■ • , Ka,^ are sometimes called 
the moments of K. A solution of the corresponding moment problem is given 
below, see 7g3 (uniqueness) and 7g6, 7h3| (existence). 



7g3 Lemma. The distribution Ak is uniquely determined by the operators 
, n— f , 2, 3, . . . (or equivalently, by a single operator T^). 

Proof (sketch) . The n-th moment of the (bounded) random variable J ip dKa 
is equal to 

^(6i) . . . (^(6„) Kaidbi) . . . if„(d&„) = (T„^(^ ® • • • ® ^)) (a, . . . , a) ; 

thus, the distribution of J ipdKa is determined uniquely via its moments. Sim- 
ilarly, the joint distribution of J ipi dKa^ and J ip2 di^ag is determined via its 
(mixed) moments; and so on. □ 

The moments are basically the same as (non-random) kernels from A" 
to defined by 

T„^(ai,...,a„) =E(ifai x ••• x KaJ, 

that is, 

[ (pd(T,f(ai,...,a„)) =E / ipd{Ka, x ••• x KaJ - (r„^^)(ai, . . . , a„) 
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for bounded measurable Lp : R. Also n = oo is admitted, 

T^iai,a2,...)^E{Ka, x X,, x . . . ) ■ 
Each is a marginal of in the sense that 

(p{bi,...,bn) {T^(ai,a2, . . .)){dbidb2 . . .) = 

/ (p{bi, . . .,bn) {T^{ai, . . . ,a„))(d6i . . .d6„) ; 



similarly, is a marginal of T^^^ (consistency). Everyone knows that a prob- 
ability distribution on B°° is basically the same as a consistent family of prob- 
ability distributions on n < oo. Accordingly, a consistent family of kernels 
from to is basically the same as a kernel from A°° to B°° satisfying the 
condition 

(7g4) J tp{bi, . . . ,bn) r(ai, 02, . . . )(d&id62 • ■ • ) depend on ai, . . . , a„ only. 

Measures (01,02) and T^{a2,ai) are mutually symmetric: (02,0.1) 
(d52d6i) = Tf (ai,a2)(d5id62); more formally, / 93(62, 61) T2^(a2, ai)(d6id62) = 
/ ip{bi,b2)T^ (01,02) {dbidb2). Similarly, 

T^iaa(i},- ■ ■ ,aa{n))(dbcy{i) ■ ■ •d6o.(„)) does not depend on a, 

a being a permutation, a : {1, . . . , n} {1, . . . , n} bijectively. Also n = 00 is 
admitted, 

(7g5) r^(a^(i),a^(2),...)(d6CT(i)d6o-(2) •■■) does not depend on ct , 
a: {1,2,...} ^{1,2,...} bijectively. 

7g6 Lemma. Let be a finite or countable set, and B a standard measurable 
space. A kernel T from to B°° is of the form T = for some S-kernel K 



from ^ to B if and only if T satisfies (7g4) and (7g5) 



Proof (sketch). We know that satisfies ( [7g4|) , ( fg^ j 



Assume that T satisfies ( 7g4 ) , ( |7g5| ) . For every a e A the measure T(a, a, . . . ) 
on B°° is invariant under permutations. The general form of such a measure is 
well-known (de Finetti type theorem on exchangeability, see Th. 4.2]), it 
is J(iy X v X . . .) /ia(di^), the mixture of product measures u x v x ... over 
u € 'P(B) distributed according to some (uniquely determined) measure fia S 
V(V(B)). The distribution /i^ of a single 7'(_B)-valued random variable Ka is 
thus constructed. 

Given 01,02 & A, the measure T(ai, 02, ai, 02, . . .) on (Ax A)°° — A°^ x A°° 
is invariant under (the product of) two permutation groups, each acting on only 
one of the two A°° factors. The general form of such a measure is also well-known 
(de Finetti type theorem on partial exchangeability | |2^ , Th. 4.1]), it is a mixture 
of products, namely, J (vi x 1^2 x vi x V2 . . .) /iai,a2 (di^idi^2) for some (uniquely 
determined) measure fiai,a2 G ViJ^(B) x V(B)); this is the joint distribution of 
Ka^ and Ka^- And so on. □ 
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See also M Sect. 2.5.1] and 



4^, 8d3]. 



The statement of Lemma 7g6 does not hold for uncountable sets A (unless 



separability is stipulated in the spirit of 3b4); here is a counterexample. Let B 
contain only two points. We define the measure T(ai, 02, . . . ) as the uniform 
distribution on the set of all sequences (&i, 62, • . . ) such that yk,l{ak = a; =4> 
6fc = 6;).Thus, ifthe sequence (oi, 02, ... ) contains a finite number n of different 
points, then r(ai, 02, ... ) consists of 2" equiprobable atoms (and \in = oo then 
the measure is continuous). Such T is of the form if and only if A is finite 
or countable. 

Separability is naturally treated via continuity in probability, see Sect. 0. 

Assume now that A is also a measurable space. An S-kernel from ^ to _B 
will be called measurable, if it is a measurable S-map (from A to V{B)). 

Every measurable S-kernel K from Aio B leads to an operator T/^ : ^^{A) 
V^B) (or rather, a linear operator on finite signed measures), namely, 

/ (^d(rf z.) ^ f (e f >fidKa] iy{da) = / T^^^pdiy 

JB Ja\Jb / J A 

for all bounded measurable ip : B ^ R. In other words, T^i' is the barycenter of 
the measure T^v on P{B) (that is, in V{V{B))), where S is the same as K but 
treated as an S-map from A to V{B) (thus, Tf' is defined according to Sect. [7^. 
The well-known 'barycenter' map 'P{V{B)) 'P{B) is used, ! ^{') ^(dj^). 
Similarly, for any measure v on A^ , 

(^d(r„^i/)= / f E /(^d(X,, X ••• xif,jV(dai...da„)= f{T,f ^)di^ 



for ip : M. The same for n — 00. For an S-map ^ from A to B, treated as 

an S-kernel K, we have — . 

Integrating out a while keeping uj one may get a random measure Ku = 
J Ka J^(da) on B. To this end we consider a measurable function S, '■ A x 



V{B) related to S as in 7c5(b), S being related to K as before. For almost every 
w G O we have a measurable function : A ^ 'PiB), Cw(a) = £.{a.,oj)- The 
function sends v into a measure on 7^(i?); its barycenter is Ki,. The choice of 
^ does not matter, since K^, g Lo{^l ^{B)) is treated mod 0. For an S-map 
S from A to B, treated as an S-kernel K, we have E.^, — K^. In general. 



B 



J (^J 'pdKa^ i/{da) a.s. 



for every bounded measurable 93 : _B — ^ R, and 



The map v i~+ Ki, is a linear map 7'(A) ^ io(f^ ^ ^(^))- The family 
(iir^),yg75(^) of 7'(_B)-valued random variables Ki, is an S-map from 'P{A) to 



B. Tsirelson/Nonclassical flows and products 



84 



Vi^B). Unlike an arbitrary S-map from 'P{A) to V{B), the S-map (Ki,)^ is Hn- 
ear (in i'). 

Let A, B, C be three standard measurable spaces and K', K" be measurable 
S-kernels, K' from A to B, K" from B to C, on probability spaces Q! 
respectively. In order to define the composition K = K'K" of S-kernels we may 
turn to the corresponding S-maps {Kl)i,, {K")^. Their composition is a linear 
S-map from ViA) to 7'(C), it is of the form (K^)^, which defines K ^ K'K", 
an S-kernel from A to C on il' x fi"; roughly speaking, 

{K'K'%{cj\u;")= I Ki'{u;")K{u;'){db), 



but rigorously, CC' should be used (as in [7c6| ). Similarly to Sect. 0, the com- 
position of S-kernels, K = K'K", is related to convolution of their distributions, 
Ah — Ah' * Ah//, and composition of operators. 



T^^^TfiTf'^) and = T^' {T^' . 

For S-maps from X to X, treated as S-kerncls, the composition defined here 
conforms to that of Sect. In general, treating K' and K" as two independent 
S-kernels on the same probability space, we generalize (7c7)-( 7clC| ), 



*K" /7?,K' 



(7g7) 
(7g8) 

(7g9) 

(7gl0) 



E 







-L 









(Tr^)d<; 



E 



LpdKa 



E 



c 

K' i 



K" 



^dK'^ ) {T^'5a){dh) = / ^dK'l , where v = T^' 5a ; 



<pd{Ka^ X • • • X Ka„) 



K' 



(r5'^)d« x...x<j 



ipd{Ka^ X • • • X KaJ) 



K" 



^ d(AX X • • • X /^^'J (r„^ (<5,, X • • • X ,5aJ) (d6i . . . d6„) 



7/i. Flow systems of S-kernels 

Let A" be a compact metrizable space (mostly, the circle will be used). Then 
V{X), equipped with the weak topology, is also a compact metrizable space, 
and Lf){VL 'P{X)) is equipped with the (metrizable) topology of convergence 
in probability. 

7hl Definition. An S-kerncl K from A" to A" is continuous in probability, if 
the map x K^ is continuous from X to Lo{Q, V{X)). 
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Clearly, 7hl implies measurability of K . For an S-map 5 from X to 



treated as an S-kernel 7hl conforms to 7dl (since the natural embedding 
X ^ 5x oi X into V{X) is homeomorphic). Here is a generalization of Lemma 
[7d2|. It characterizes continuity in probability of an S-kernel in terms of C(A'") 



(while a straightforward use of 7d2 would involve huge spaces C{V"'{X))). It 
also shows that continuity in probability is preserved by the composition. 

7h2 Lemma. The following three conditions are equivalent for every S-kernel 
K from X to X: 

(a) K is continuous in probability; 

(b) e C{X^) for aU ip e C{X^); 

(c) f^ip e C{X") for aU ip e C(A'") and all n = 1, 2, 3, . . . 

Proof (sketch), (a) =^ (c): the composition T^(p of a chain of continuous maps 
{xi, ...,Xn)^ (Kcci,- ■ ■,K^J ^ K^^x - --x K^^ ^ J ifd{K^^ x • • • x K^J ^ 
E / ipd{K^^ X ■ --xK^J between the spaces A"" Lo{n V{X)) Lo{Q 
ViX")) ^ Lo{n, ||<y5||]) ^ K is continuous. 

(c) (b): trivial. 

(b) =^ (a): let ip e C{X), then 



= ¥. jj p{x)p{y){K^Mx)K^i{'^y) ~ if,, (da:)i^,, (dy)- 
- K^, {dx)K^, (dy) + K^, {dx)K^, (dy)) = 

= %l:(xi,Xi) - i>{xi,X2) - i>{x2,Xi) + 'ip{x2,X2) , 

where ip = T^{'p ® (p). By (b), tfj is a. continuous function on X^. We see that 
{xi, X2) 1-^ E I J pdKxi — J ^ dKx2 P is a continuous function on X^ vanishing on 
the diagonal xi = X2- Therefore x 1— > J ipdK^ is a continuous map X L2{^), 
which is (a). □ 

Condition [7h2| (b) may be reformulated in terms of the kernel T-f (non- 
random, from X^ to X^), 

is a continuous map X^ V{X'^) . 

Similarly, p"h2| (c) means continuity of all : A"" 7'(A'"), or equivalently, 

is a continuous map X'^ V{X°°) , 

since finite-dimensional functions {xi,X2,---) ^ p{xi,...,Xn) are dense in 
C{X°°). Of course, X°° is equipped with the product topology, and is a compact 
metrizable space. 

7h3 Proposition. The following two conditions are equivalent for every kernel 
T from X°^ to X"^: 

(a) T — for some S-kernel K from X to X, continuous in probability; 



(b) T satisfies (7g4), (7g5), and is a continuous map X°° V{X°°). 
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Proof (sketch), (a) =^ (b): evident. 

(b) (a): we choose a countable dense subset A C X and apply Lemma 
7g6 to the restriction Tg of T to A°^, thus getting an S-kernel Kq from A to 
X such that Tq ^ T^°. For every ip G C{X'^) the function T^"ip is uniformly 
continuous on (since the map (a;i, X2, ■ ■ ■) J ip{x[, X2)Txj^^x2,...{'^^i'^^2 • ■ • ) 
is continuous). Similarly to the proof of 7h2 ((b) =4> (a)) we deduce that Kq is 
uniformly continuous in probability, that is, Kq is a uniformly continuous map 
A ^ Lo{i^ V{X)). It remains to extend it to X by continuity. □ 

We observe a natural one-to-one correspondence between 

distributions Kk of S-kernels K from X to A", continuous in probability; 

kernels T from X°° to A""", satisfying |7h3|(b); 

consistent systems {Tn)'^^i of kernels T„ from A"" to A"", satisfying the 
finite-dimensional counterpart of 7h3 (b). 

The convolution of distributions corresponds to the composition of kernels. 
See also g Sect. 2.5.1] and 1^, 8d3]. 

For an S-map S from X to X , treated as an S-kernel K, the kernel 
satisfies an additional condition: for all x € X, 

(7h4) the measure T^{x,x) is concentrated on the diagonal of X^ . 

It is easily reformulated in terms of , and we get a natural one-to-one corre- 
spondence between 

distributions Ah of S-maps S from X to X , continuous in probability; 

kernels T from X°° t o X°° , satisfying |7h3| (b) and the reformulated addi- 
tional condition (7h4); 

consistent systems (T„)^j^ of kernels T„ fro m A"" to X", satisfying the 
finite-dimensional counterpart of 7h3(b), and (7h4). 

The convolution of distributions corresponds to the composition of kernels. 

A convolution system of S-kernels (over X) may be defined as a family 
{■^s,t)s<t-: where each A^^t is the distribution of an S-kernel from X to X^ con- 
tinuous in probability, and 

Ar^t = Ar^s * As^t 

whenever r < s < t. An equival ent description is a family {Ts^t)s<t of kernels 
Ts,t from X-"^ to X^, satisfying |7h|(b) and 



whenever r < s < t. 



Similarly to Sect. 7d, every convolution system of S-kernels leads to a con- 
volution system as defined by 3bl, and if separability (as defined by 3b4) holds 
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then we get a flow system, and further, a continuous product of probabihty 
spaces. For S-maps from X to X, treated as S-kernels, the new construction 



conforms to that of Sect. 7d, In general, S-kernels from X to X (or their distri- 
butions) may be treated as S-maps from V{X) to V{X) (or their distributions, 
respectively); thus, the 'old' construction (of Sect. ^) may be apphed, as well 
as the 'new' construction introduced above. The 'old' and 'new' flow systems are 
isomorphic, and the 'old' and 'new' separability conditions are equivalent (since 



the relevant 'old' and 'new' cr-fields coincide). The sufficient condition (7d5) for 
the separability (the temporal continuity in probability) may be reformulated in 
terms of the (non-random) kernels T-^ from X to X, namely, 

(7h5) both T^'~'-'{x) and Tf =•=+"(2:) converge to 5^ as e ^ 0+ 

for s e M and x E X .It follows that Kf,^'^'^ v and K^'^^^ in probability, 
since the expectation of the transportation distance between Kl;^ and v does 
not exceed 



E 



d{\s\.{x,x')K'/(Ax')v{Ax) = JJ dist{x,x')T^'-' {x){dx')i^{dx) 



The conclusion follows. 

7h6 Lemma. Condition ( [7h5| ) implies separability. 

7h7 Remark. The continuous product of probability spaces, corresponding 
to a flow system {Ks^t)s<t of S-kernels from X to X, is classical if and only 
if random variables J (^dif|'* are stable for all s < t and all bounded Borel 



functions tp : X R. Proof: similar to 7d7 



7i. From S-kernels to black noise 



Sect. ^ gives us X, {Gs,t, ^^s,t)s<f and {Ks^t)s<t in the same way as Sect. ^ 
provided X , (Gs,tT t^s,t)s<t and {^s.t)s<t to Sect.|7^. The temporal continuity in 



probability (7h5) is assumed to hold. Taking into account higher moments (like 



in the proof of 7g3) we note, similarly to (7cl), that functions of the form 



(7il) / ¥'d(X;f X • • • X if^f ) for ^ e C(A'"), (xi, . . . , a;„) G X^ 

and n = 1, 2, . . . are dense in L2{Gr.t)- Here are counterparts of |7e2| " [7e^ . 

712 Lemma. Assume that n€{l,2,...}is given, a linear subset F„ of C{X"), 
dense in the norm topology, and a linear subset 7V„ of the space of (finite, signed) 
measures on X", dense in the weak topology; and an interval (r, i) C M. Then 
functions of the form 



IX" \JX" 



ip d{K!^'* X • • • X K'^'^) ) i^{dxi . . . dxn) for if e Fn and v e Nn 



are L2-dense among functions of the form (7il) for the given n. 
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Proof (sketch) . Similar to [7e2| . □ 
Substituting / = (/^„ ipd{K^'^ x • • • x K^'^)) iy{dxi . . . dx„) to ( [7b3| ) we 

get 



(7i3) fs^s+e = 

7i4 Proposition. (Le Jan and Raimond; implicit in [^.) Let a flow system 
{Ks^t)s<t of S-kernels from X to X and a probability measure vq on A" satisfy 
the conditions 

(a) (stationarity) the distribution of Ks.s+h does not depend on s; 

(b) (invariant measure) t/^^ Vq — for s < t; 

(c) (Lipschitz boundedness) if (ys G C(A:'") is a Lipschitz function, then 
Tn''* if is also a Lipschitz function, with a Lipschitz constant 

Lip(r^'-^ V) < Cn Lip(<y9) for < s < i < 1 , 

where C„ < cx) depends only on n; 

(d) sup Var (^j (^J 'pd{K°-f x • • • x -fi:°;^)^ iy{dxi . . . dx„)^ = o(e) 

as £ ^ 0, where the supremum is taken over all (p E C(A'") such that Lip{(p) < 1 
and all positive measures v on X"' such that J^i < I'o, ■ • • , f^n < J^o; here , . . . , Z/'„ 
are coordinate projections of that is, / ip{xk) iy{dxi . . . dxn) = / 'fix) Vkidx) 
for if e C{X). 

Then the corresponding noise is black. 



Proof (sketch) . Similar to 7c4 . □ 
7j. Example: the sticky flow (Le Jan, Lemaire, Raimond) 




(a) (b) (c) (d) 

Recall the discrete model of Sect. |7| (see (a), (b)). Every space-time lattice point 
(t, x) is connected with one of the two points (t + 1, a; ± 1) according to a two- 
valued random variable. Now we perturb the model (see (c)): (t, x) is connected 
strongly with one of the two points (t -I- l,a; ± 1) and weakly with the other, 
according to a random variable Ot.x taking on values on the interval [0, 1]. The 
case of I?! appears if Ot^x takes on two values 0, 1 only (equiprobably) . Generally, 
Ot^x is the strength of the connection to (t + 1, a;-|- 1), and l — 9t,x to (i + 1, a: — 1). 
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Random variables 9t^x are independent, identically distributed; their (common) 
distribution has a density shown on (d), to be specified later. 

Particles move on the lattice. They are conditionally independent, given all 
Ot^x- Conditional probabilities of transitions from {t,x) to (i + + 1) and 
+ l,x — 1) are equal to Ot^x and 1 — Ot^x respectively. Unconditionally (when 
Ot.x are not given), two particles move independently until they meet, after 
which they prefer moving together, but have a chance to separate, in contrast 
to the model of |7|; they are sticky rather than coalescing. 

Given n particles at [t, a;), the probability of k particles to choose (t+1, a;+l) 
(and the other n-k particles to choose {t + l,x- 1)) is ()J)E {e^{l - 9)"-''). 
A clever choice (specified later) of the distribution of 6 makes the expectation 
a product of the form 

whenever k,n Cz Zi, < k < n, for some functions a, /3 : {0, 1, . . . } —^ (0, oo). 
This fact leads to a stationary distribution of a simple form described below (Le 
Jan and Lemaire |l9t] ). 

Let X run over the cyclic group — Z/mZ; this is our space (m is a 
parameter). Each configuration of n unnumbered particles is described by a 
family of m occupation numbers, s = (sx)xeZmi J2x^x = n; namely, Sx is the 
number of particles situated at x. We ascribe to each configuration a probability 



(7j2) Unis) = const • Y[ Pisx) 

xei,^ 

('const' being a normalization constant) and claim that such probability measure 
Hn is invariant under our dynamics. Moreover, it satisfies the detailed balance 
condition: 

Ms')pis' ^ s") = M„(s")p(s" ^ s') 

for all n-particle configurations s' , s"; here p{s' — > s") stands for the transition 
probability (the probability of s" at t + 1 given s' at t) . 

A transition from s' to s" may be described by edge occupation numbers 
s{x a; — 1), s{x a;+ 1); these must satisfy s'^ = s{x x—l) + s{x ^ x + 1) 
and s" = s{x — 1 ^ x) + s{x + 1 — > x) for all x. Let us call each such family 
of edge occupation numbers a transition channel. Several transition channels 
from s' to s" may exist (try increasing each s(x — > a; — 1) while decreasing each 
s{x a; + 1)); the detailed balance holds for each transition channel separately: 



Mn(s')Pchannel(s' ^ s") = JJ/3(S:c) • J]^ 



a{s{x ^ x + l))a(s(a; x — 1)) 



PiSx) 

JJ(a(s(x — *■ X + l))a{s{x ^ x — 1))) , 
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which evidently is symmetric (that is, time-reversible). 

In order to get (7jl), following Ml, we choose for 6 the beta distribution. 



^ Beta(£, e) 



its density being 



r2(e 

e e (0, 1) is a parameter. We have 



for < a < 1 ; 



r(2£) T{k + e)T{n-k + e) 



thus, (7jl) holds for 
a{k) 



r(fc- 



k\T{e) 
r(n + 2e) 



1 



n!r(2£) n\ 



2e(l 



r(n + 2e) 

e)...(fc-l + 
2e)... {n - 1 



+ 2e). 



In order to take the scaling limit we embed the discrete space Z„i into a 
continuous space, the circle T = M/Z, by a; i-^ ^x, and the discrete time set Z 
into the continuous time set M by i i-^ t!^^- ^^^^ ^ depend on m, namely, 

a 

e = — , 
m 

a e (0, oo) being a parameter of the continuous model. Convergence (as m oo) 
is proven by Le Jan and Lemaire |p^ ; the continuous model is (a special case of) 
the sticky flow introduced by Le Jan and Raimond |Q . The motion of a single 
particle is the standard Brownian motion in T. Two particles spend together a 
non-zero time, but never a time interval (rather, a nowhere dense closed set of 
non-zero Lebesgue measure on the time axis). 

The convergence (as m — > oo) is proven at the level of the kernels Tn"'* 
('moments'); the (continuous) sticky flow is a flow system {Ks,t)s<t of S-kernels 
Kg^t from X to X (here X = T) that corresponds to the constructed consistent 



system of kernels Tn"'* from A"" to X^ (recall Proposition 7h3 and the para- 
graph after it). A consistent system {fin)n of invariant measures ^„ on A"" (or 
equivalently, an invariant measure on X°° ) is written out explicitly by a contin- 
uous counterpart of (7i2). The kernels T„ are described for infinitesimal t — s 
via their Dirichlet forms, 



if I 



lim 

s-*0+ 



|^(x)-v'(-)rdT„«"-(^) Mn(dx) 



written out explicitly for smooth functions if : X^ K. 

The flow system of S-kernels satisfies the conditions 7i4(a-d), therefore the 
corresponding noise is black. 

For details see 1ig|, [Eol. 
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8. Unitary flows are classical 

8a. Can a Brownian motion be nonclassical? 



Wc know (see 6b3) that every R-flow is classical (that is, generates a classical 
continuous product of probability spaces) . The same holds for every stationary 
T-fiow, a nd m ore over, for every T-flow satisfying the upward continuity condi- 



tion (see 3bl and 3d3 ). However, nonclassical stationary G- flows exist in some 



Borel semigroups (in fact, finite-dimensional topo-semigroups) G, see Sect. 

Sal Question. Whether every stationary G-flow in every Borel group G (not 
just semigroup) is classical, or not? 

If G is a group (rather than semigroup) then G-flows may be identified with 
G-valued processes with independent increments. If G is a topological (rather 
than Borel) group then some of these processes are sample-continuous and sta- 
tionary; these are called Brownian motions in G, classical or not, according to 
the corresponding noises. 

8a2 Question, (a) Whether every Brownian motion in the group G = IIomeo(T) 
of all homeomorphisms of the circle T is classical, or not? 

(b) l.il] Whether every Brownian motion in every Polish group G is 
classical, or not? 

It is enough to examine a single Polish group G = Homeo([0, 1]°°) of all 
homeomorphisms of the Hilbert cube [0, 1]°° rather than all Polish groups, since 
every Polish group is isomorphic to a subgroup of Homeo([0, 1]°°) by a theorem 
of Uspenskii, see 0, 9.18] or 0, 1.4.1]. 

We turn to the unitary group U(i/) of a separable infinite-dimensional 
Hilbert space H (over R or C) , equipped with the strong (or equivalcntly, weak) 
operator topology. Every Brownian motion in V{H) is classical [Q, which is 
generalized by th e theorem below (its proof is basically the same as in |3^). We 
know (recall ^a3| ) that every weakly continuous convolution semigroup in \J{H) 
leads to an U(-ff)-flow {Xs.t)s<t and a measurable action {Tfi)h of R on such 
that Xs^t°Th = Xa+h,t+h- Such {Xs^t)s<t will be called a stationary \]{H)-flow, 
continuous in probability. 

8a3 Theorem. Every stationary U(i/)-flow, continuous in probability, is clas- 
sical. 



8a4 Question, (a) Does Theorem Ba3 hold without assuming continuity in 
probability? (See also ^al|.) 



(b) Is the following claim true? Every stationary G-flow (^s,t)s<t is of the 
form Xs^t — cJ^Ys,tCt where {Ys^t)s<t is a stationary G-flow continuous in prob- 
ability, and ct ^ G for i € M. (The map i i— > Ct need not be measurable.) Here 
G = U(-ff); but more general G may be considered as well. 

8a5 Corollary. Let G be a topological semigroup admitting a one-to-one con- 
tinuous homomorphism to \J{H). Then every stationary G-flow, continuous in 
probability, is classical. 
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8a6 Example, (a) The group DifF(M) of all diffeomorphisms of a smooth 
manifold M acts unitarily on L2 {M, m) , where m is any smooth strictly pos- 
itive measure on M . Unitarity of the action is achieved multiplying by the 



root of the Radon-Nikodym derivative, see |Q, 14.4.5]. By 8a5, every station- 
ary Diff (M)-flow, continuous in probability, is classical. Brownian motions in 
Diff(M) are described by Baxendale 

(b) Every Lie group G acts by diffeomorphisms on itself. Therefore every 
stationary G-flow, continuous in probability, is classical. Brownian motions in 
Lie groups are described by Yosida Q. 

We may also consider the semigroup G of all contractions (that is, linear 
operators of norm < 1) in a separable infinite-dimensional Hilbert space H 
(over R or C), equipped with the strong operator topology. It is a topological 
semigroup, G D \]{H). Here is the corresponding generalization of Theorem 

8a7 Theorem. Every stationary G-flow, continuous in probability, is classical. 
(Here G is the semigroup of contractions.) 

8a8 Example. The semigroup G of all conformal endomorphisms of the disc 
acts by contractions on the space L2 on the disc. Therefore every stationary 
G-flow, continuous in probability, is classical. Some important Brownian motions 
in G are now well-known as SLE. 

8b. From unitary flows to quantum instruments 



In order to prove Theorem 8a3 it is sufficient to check stability, namely. 



(8bl) U^f^^^ /^,^ as p ^ 1 , 



Here V are the operators on ^2(17) introduced in Sect. 4b, and random variables 



fip,ip G L2(Jl) are matrix elements of the given random unitary operators, 

U.i'i^) = {XoA^)v,'^^)h for e ri, ip,Tp e H . 

The U(i/)-valued random variable Xq^i belongs to a given J7(i?)-flow {Xg^sKt', 
Xs,t G Lo{yi U(i/)). The time interval [0, 1] is used just for convenience. 

The operator If is the limit of (a net of) operators t/f^ j , see ( |4b4D . 
Calculating t^fv-^ come to an important construction (quantum op- 

erations and instruments). In order to simplify notation we do it first for a 
finite time set T = {0, 1, . . . , n} rather than a finite subset of a continuum. Ac- 
cordingly, for now our U(-ff )-fiow consists of n independent random operators 
Xo,i, ■ • ■ , Xn-i,n on H (and their products). 

For 71 = 1 we have a single random operator Xq^i, and 

- |(EXo,i(^,^>hP+p(E|(Xo,i(^,^)hP- |(EXo,i(^,7/.)ff|2). 
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For a fixed Lp we have two positive-"^ quadratic forms of i/); they correspond to 
some positive Hermitian operators S^'^\ S'^^^ : H ^ H, 

(8b2) {UPU^^„U,^)L,in) = {S^°^i^,^j)H + p{S^^H,^)H; S^°\S^^^>0. 
In terms of one-dimensional operators S^, 

we get {S^iPt%1))h = K'y^iV')!^ — trace(5<^S'^) (the trace is always taken in 
never in Lq = 5exo,iv and 5^°) + S^^^ ^¥.Sx,,.iv- Quadratic depen- 

dence of S^^\S^^^ on ip means their linear dependence on S^p, 

qiO) _ c(0)c. oil) - fWo . 

here f ; Y{H) V(i7) are linear operators on the space V(if) of all Her- 

mitian trace class operators H ^ H; V{H) is a Banach space (over R), partially 
ordered by the cone V^(-ff) of all positive operators. The operators £'^^\£'^^'> 
are positive in the sense that S G V+(i?) implies £^°^ S,£'^^'> S e V+(iJ). Also, 
trace (f^o^S*) < trace(S') for S G l^+(i?), and the same for S'^^K Such operators 
on Y{H) are called quantum operations in JTl] , Chap. 2]. A stronger requirement, 
called complete positivity Chap. 9.2] is satisfied, but will not be used. See 
[H Sect. 3] and for details. 

The sum f*^"^ -f f^^^ is also a quantum operation, and in fact a nonselective'^ 
one, in the sense that 

(8b3) trace(f S + E^^'' S) = trace(S') for S E V{H) , 

since trace(f('')S'^-H£:(i)S'^) = trace(E S-jf^ ,^) = E trace(5'jfo_,^) = E ||Xo,i(^|||^ 
= llvlllf = trace(S',^) for ip E H. A finite family of quantum operations whose 



sum is nonselective is a (quantum) instrument |11, Chap. 4, Def. 1.1].-^ Thus, 
a random unitary operator Xq.i leads to an instrument £o,i consisting of 
andf^i), 

£^-^^S^ = Sexo.iv ' (^''°'' + £''^^)S^ ~ ¥.Sxo.iv 7 

which completes the case n = 1. 

For n = 2 we have two independent random operators Xo^i,Xi 2 and their 
product Xo.2 = Xo,iXi_2; the latter means Xo,2V — -^i,2(^o,iy)-'^ Two in- 
struments £o,i and £i^2 arise as above. Their composition Sect. 4.2] is an 
instrument £0.2 consisting of four quantum operations £o^2^\ £o^2^\ £o^2^\ £q'2^'' 
defined by 

4'!2 ^ - 4a '^S . that is, £^1^2'^ S = f (£:^*^i^ 5) for SeY{H). 



^Not necessarily strictly positive. 

nonselective quantum operation is also called a quantum channel. 
•^In general, an instrument is a vector measure, valued in quantum operations. We need 
only the elementary case when the underlying measurable space is finite. 
*It could be more convenient to write ipX rather than Xip. 
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Similarly to ( |8b2| ), 

(8b4) {UPU,^,U,^)L,in)^ E p'+'trace((4;=/)5^)5^). 

k,l£{0,l} 

Proof (sketch) of ( ^b4| ) . First we introduce one-dimensional operators S^^^^^ 
for V5i,(y92 G -ff by Sip^^^p^ij) = {ip,(pi)Lp2 and observe that t race (^5'ip, .tp,) = 
(A(p2, (/Ji) for ^ £ Two formulas for n = 1 follow from (Sb2) by bilinear- 

ity: 



(C^''^.»Ai-^,V2>L2(f2) = p''trace((f('=)S'^)5^,,^,) 
(f/^/^,.^,/^„^)L.(o) = E /trace((fW5 



k=0,l 

Second, we choose an orthonormal basis (e„)„ of H and note that 

A = ^ ^ traCG(AS'n_,„)S'm^n 
m,n 

for A e V(i7). 
Third, 

fv,i' = {Xo,2'P, iP)h = (Xi,2(^0,lV), V-')ff = 

n n 

here /' e L2(f^,J^oa) and /.'.'. G L2(f7, ^^1,2). Finally, 

rn n 

m,n 

= E ( E P'trace((f(;=i'5^)5„,^„)') ^ trace((£:^|^5„^„05^)') = 

= ^ p'^+'tmce{sil{£^o':Is^)S^)^ ^ p'^-+4race((£:^;=2'^^^)'5^) ■ 
fc,ie{o,i} fe,i6{o,i} 

□ 

Similarly, for T = {0, 1, . . . , n}, n = 1,2,3,... 

(8b5) (C/''/^,^,^,v)l.(o) = E p'^+-+'"trace((£(;;--''=")^^)5v') 

/ci,...,fc„e{o,i} 
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where fo.n is the composition of n instruments, 

<^(fcl,...,fc„) _ ci^l) c(^ri) 

£m-i,m being defined by 
for (ys G _ff , TO = 1, . . . , n. 

Sc. From quantum instruments to Markov chains and stopping 
times 

We still deal with the finite time set T = {0,1,..., n} and an U(i?)-flow 
iXs,t)s<t;s,teT. Let 5*0 e V+(iJ) be given; by V+(if) we denote {S G V+(7?) : 
trace(S') = 1}. Together with the instrument fo,™ constructed in Sect. 8b, 
5*0 leads to a probability distribution /io.„ on the set {0, 1}" of 2" points 
(/ci, . . . , kji), 



Mo,n(fci, . . . ,A:„) = trace(fo'',l'""''"''S'o) . 



For any (p,^p £ H such that \\(p\\ = 1, HV'H = 1 we have trace((£Q "'S^)S^) 
< trace(fQ''^ thus, (Sb5) gives 

(8cl) ((1 - UP)U,^, U^^)LAn) < (1 - p"^+-+'")Aio,n(fci, . . . , ; 

fci,...,A;„e{04} 



striving to prove (8bl) we will estimate this sum from above, showing that 
ki + ■ ■ ■ + k„ is not too large for the most of (fci, . . . , A:„) according to /^o,n- 

The probability measure fj,o,n turns the set {0, 1}" into another probability 
space (in addition to the original probability space that carries {Xs^t)s<t)'-i 
the 'coordinate' random process fci, . . . ,/c„ generates the natural filtration on 
({0, 1}", fio.n)- We introduce a Markov chain 5*0, . . . ,Sn on the (filtered) prob- 
ability space ({0, 1}", /iQ.n); each St is a random element of 'V^{H). The initial 
state is chosen from the beginning (and non-random). For i G {1, . . . , n} the 
state St is a function of fci , . . . , fcf , namely, 



C _ p(ki....,kt) Q , 

trace(fot Sq) 



of course, g^^^---'^^^ = sl^l' . . . £[^l ^. It may happen that the denominator 
vanishes for some (fci, . . . ,kt), but such cases are of probability and may be 
ignored. We have 



[kt+i = 1 1 fci, . . . , /ct) = trace(f[j^_^^5t) , 
1 

[h+i I fci, . 
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since the joint distribution of ki, . . . ,kt is given by tracc(£Q''j^' "''^'''S'o). 

Striving to estimate ki + ■ ■ ■ + k„ from above we introduce stopping times 
Ti, T2, . . . on the (filtered) probability space ({0, 1}", /io,n) by 

Ti = min {t G {1,. . .,n} : kt ^ l} , 
Tm+i = min{t € {r„ + 1, . . . , n} : /c* = l} for rn = 1, 2, .. . 

The minimum of the empty set is, by definition, infinite; thus, ri = oo if fci = 
■ ■ ■ = kn = 0, and more generally, = oo if (and only if) fci H + fc„ < m. 

8c2 Lemma. 

n 

(a) 1 - E exp(-Ti/n) > ^Yl trace(4°--°)5o) ; 

t=i 

(b) 

1 - E cxp ( - IH^+I^IH^^ ku...,kr^)>^ trace(4°';,-°^ ) 



for m = 1, 2, . . . 
Proof (sketch), (a): 

n-l 



1-E exp(-Ti/n) = ^(exp(-Vn)-exp(-(t + l)/n))P(fci = • • • = fc* = O) 

4=0 

+ exp(-l)P(fci = --- = fc„ = 0) > 

^ Ep(^i = • • • = ^* = 0) = i;: Etrace(4°t-'°^5o) ; 
t=i t=i 

(b): similar. □ 

The next lemma holds for any increasing sequence of stopping times {Tm)m, 
irrespective of instruments etc. 

8c3 Lemma. For any 9 € (0, 1) and m — 1,2, . . . the probability of the event 
Tm <n and E(exp(— (t(+i — Ti)/n) | fci, . . . , fc^, ) < ^ for Z = 0, 1, . . . , m — 1 
does not exceed e^™. (Here tq = 0.) 

Proof (sketch). Denote by M the (random) least I E {0, ...,m — 1} such 
that E(exp(— (t;+i — r()/n) | fci, . . . , /c^, ) > 6 and let M = to if there is no 
such I. The expectation E (0~(^^') exp(— tmaj/^)) decreases in I, therefore 
E {6-^ exp(-TM/n)) < 1, which implies P(t™ < n, M = m) < e6l™. □ 
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8d. A compactness argument 

We return from the finite time set to the continuum M. All said in ^ and ^ 
is applicable to any finite subset of M, but for now we only need the operation 
Ef} : V(iJ) ^ V(iJ) for s < t, 

^i^tS^ = Sex,j,p ioT if e H . 
By stationarity, S^^^ — £Q^t_g- 

8dl Lemma, (a) trace(£g*'j 5) — + trace(S') as t ^ 0+, for every 5 G Y{H); 

(b) convergence in (a) is uniform m S (z K whenever K is a compact subset 
of V(iJ). 

Proof (sketch), (a): 

trace(fo°''5^) = trace(S'Ex,,t(p) = llEX^^fj^ll^ = trace(S'<^) , 

since Xo.tV' — > in probability, and ||Xo,t93|p < HtplP- 

(b): Use monotonicity of trace(£'Q''j S") in t. Or alternatively, use uniform 
continuity: the linear functionals S n- trace(5Q'^(^ 5') are of norm < 1. □ 

Given a finite set T C K, T — {to, ■ ■ ■ ,tn}, to < ti < ■ ■ ■ < tn, we may 
consider the restricted U(iJ)-flow {Xs,t)s<t-s,teT- Applying to it the construction 
of Sect. |8c| we get a Markov chain {St)teT provided that an initial state Stg S 

{H) is chosen; each St is a random element of (iJ ) . 

8d2 Lemma. For every So G Vi{H) and e > there exists a compact set 
K C V+(i/) such that for every finite set T = {to, . . . , t„}, = < < • ■ • < 

in — 1 ; 

F{St,eK, St^eK)>l^e, 
where (S't)teT is the Markov chain starting with Stg — So- 
Proof (sketch). We take finite-dimensional projection operators Qm : H ^ H 
such that 

E trace(Q™Xo.iS'oX* i) > 1 - ^ 
and (given T and to) define a martingale by 

M„(tfe) ^E(trace(Q„S'tJ|S'tn,...,S'tJ = 

= trace(Q™E(5tj5tJ) = trace(Q,„E (Xt,,i5t,x;^,i)) - 

= trace(^t,E(X,;_iQ™Xt„i)) = trace(5t,Q™(ifc)) , 

where 

Q™(t) = E(x*ig„Xt,i). 
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That is, 



2 



where 



An - e V+(ff) : sup trace(5Q,„(t)) > 1 - ^} • 
te[04] 



(Note that Am does not depend on T.) It remains to prove that for every m the 
set Am n Am+i n . . . is compact. 

We have Qmit) = T{_^{Qm) where hnear operators 7^* : V(i7) V(if) 
defined by %*{S) = E(XQjS'Xo,t) are a one-parameter semigroup. The semi- 
group is strongly continuous, since XQj.SipXo^t = ^x^^ip S^p a.s. as i ^ 0. 
Therefore sets {Qm{t) t G [0, 1]} are compact in V(iJ), and we may choose 
finite-dimensional projections Qm such that 

Qm{t)<Qm + -l forte [0,1], 

m 

which implies trace(S'Qm(t)) < tra.ce{SQm) + thus 

AmdiSe Y+iH) : trace(5g„0 > 1 - ^} • 
Compactness of Am H Am+i D . . . follows easily. □ 



Proof (sketch) of Theorem pa3| . According to (|8bl| ) and Sect. 4b it is sufficient 



to prove that C/f^ ...t„fv-^ ~^ fv,-4' (^^ P ^ 1) uniforml y in T, where T runs 



over all finite sets T = {ii, . . . , t„} C (0, 1). According to (8cl) it is sufficient to 
prove that E (1 — p'''^^ ^'^"■) — > (as p ^ 1) imiformly in T. Here T runs over 
all finite sets T = {to, . . . , i„}, = to < ii < • • • < t„ = 1, and {ki, . . . , kn) is 
the random process introduced in Sect. ^ (distributed Ho.n)- The initial state 
So & V]^(i?) is arbitrary but fixed (that is, the convergence need not be uniform 
in So). 

Let e > be given; we have to find p < 1 such that E (1 — p'^'i^ ^*''") < e 
(or rather, 3e) for all T (and n). 

Lemma ^d2| gives us a compact set K C Yi{H) such that P(5to G X, . . . , 

5't„ e if) > 1 - e. By Lemma |d|, trace(5^°^ S') ^ 1 (as t ^ 0) uniformly 
in S £ K. It follows that infyinfsgj^ trace(£Q°''5) dt > 0. Similarly, 
ydIt iniseK ■^J2^^i'tT^Suce{£Q^^^S) > provided that T is distributed on [0,1] 
uniformly enough, say, t^+i — tfc < |- f or all /c, which can be ensured by enlarg- 
ing T appropriately. Using Lemma ^c2| (b) and taking into account that t,„ = oo 
for m > ki + ■ ■ ■ + kn we get 9 < I such that the inequality 

-1 - T, 



min E ( exp 

m — l,...,fciH h^'Ti 



ki, - ■■ , kr„, < 



holds with probability > P{Sto G if , . . . , St„ € K) > 1 — e; note that 6 depends 



on K but not T, n. Combining it with Lemma 8c3 we have for to = 1, 2, . 

Pfr™ <n) <e9"' + e. 
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that is, P (fci + • • • + fc„ > m) < e0™ + e. Choosing m such that eO™- < e we get 
P (fci + • • • + A;„ > m) < 2£; note that m depends on K but not T, n. 

Finally, E(l-p'=i+-+'=") < P(fci + -- • + > to) + (1-p") < 2e+(l-p™). 
Choosing p < 1 such that 1 - p" < e we get E (1 - - < 3e. □ 

The proof of Theorem |8a7| is similar. However, the quantum operation E'^'^^ + 
S'^^^ becomes selective (recall (pb2)), which leads to killing for the random pro- 
cess fci , . . . , fc„ (introduced in ^cj). Accordingly, we enlarge the state space of 
the Markov chain Sq,. . . ,Sn (also introduced in by an absorbing state 0; 
now, each St is a random element of V^(7J) U {0} C Y^{H). If St jumps to 
then the next stopping time is, by definition, infinite. In the proof of Lemma 



3d2 each inequality of the form E trace((5„i5) >1~ 5 should be first rewritten 
as E trace((l — Q,n)S^ < 6; the latter form is applicable in the more general 
situation. 

9. Random sets as degrees of nonclassicality 
9a. Discrete time (toy models) 

For a finite time set T = {1, . . . , n} a continuous product (ris,t, Ps,t)s<t-s,teT of 
probability spaces is just the usual product, 

i^sj, Ps,t) — {^s,s+l, Ps,s+l) X • • • X {Qt-l,t, Pt-l,t) ■ 

Accordingly, 

Hs^t = Hs^s+i (Xi ■ ■ • «> Ht-i^t 
for Hilbert spaces Hg t = L2{fls,t, Ps.t)- Each i?t,t+i is a direct sum, 

where iJj is the one-dimensional subspace of constants, and H^^^_^-^ is its 
orthogonal complement, the subspace of centered (zero mean) random variables. 
We open the brackets: 

H = Hi^n = Hi^2 (8) • • • ® Hn-Un = 

CGComp(T) 

where Comp(T) = 2^' is the set of all subsets C of the set T' = {1.5, 2.5, . . . , 
n — 0.5}, and 



t=i 



1, otherwise. 



(Later, Comp(T) will consist of compact sets.) In other words, He is spanned 
by products Hf.t+o.bec ft,t+i for ft,t+i S L2{^t,t+i, Pt,t+i), E/t,t+i = 0. 
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The orthogonal decomposition of H leads to a projection-valued measure 
Q on Comp(T). That is, a Hermitian projection operator Q{A) : H ^ H 
corresponds to every A C Conip(r), satisfying 

Q[Ar\B) = Q{A)Q{B), 
(9al) 0(Conip(r) \A) = 1h- Q[A) , 

Q{A\J B) ^ Q{A) + Q{B) ifAnS = 

for A,B<Z Comp(T). Such Q is uniquely determined by 

Q{{C})H = He for C E Comp(T) 

or alternatively, by 

Q({C:t + 0.5^ C}) - E(-|^i,t V^t+i.„) for t = 1, . . . , n - 1 
(the operator of conditional expectation, given uJi,2, ■ ■ • , ujt-i.t and uJt+i,t+2, ■ • ■ , 

The operators If introduced in Sect. [4raare easily expressed in terms of He, 



■/Comp(T) CeComp(T) CeComp(T) 



that is, each He is an eigenspace, its eigenvalue being (here |C| stands for 
the number of elements in C). Accordingly, the eigenspaces H^ introduced in 
Sect. 4b are 

Hk = Q{{C : \C\ = k})H ^ He. 

C:\C\=k 

Every f E H leads to a measure /i/ on the set Comp(T), called the spectral 
measure of /; namely, 

fifiA) = {Q{A),f, f) = \\QAf\? for A C Comp(T) . 

Clearly, /i/(Comp(T)) — Assuming ||/|| = 1 we get a probability measure 

/K/, thus, C may be thought of as a random set. However, this random set is 
defined on the probability space (Comp(T), /j,/) rather than (ri,P). 

Let g G Hi = ®\e\=i and / = Expg in the sense of Sect. that is, 
g = 51,2 H + gn-i,n and / = (1 + ^1,2) . . . (1 + .9n-i,n). Then ^/ is a prod- 
uct measure, fif{{C}) — Htt+o see Il5t,t+i IP- That is, the probabihty measure 
IJ'f /WfW describes a random set C that contains each point t+0.5 with probability 
||S't,t+i||^/(l + ||5t,t+i|P), independently of others. In contrast, the probability 
measure ^J■g/\\g\\ describes a single-point random set C, equal to {< + 0.5} with 
probability \\gt,t+if /\\g\\^ ■ 

Spaces L2 may be replaced with arbitrary pointed Hilbert spaces (recall 
Sect. |6^. _ 

Now we turn to the discrete example of Sect. |lb[ the Z„i-flow {X^)s<t-s.tGT 
over the infinite time set T = {0, 1, 2, . . . } U {00}, and the corresponding con- 
tinuous product of probability spaces. The set Comp(T) of all compact subsets 
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of the space T' = {0.5, 1.5, . . . } U {oo} is a standard measurable space, it may 
be identified with the set 2^ \{°°} of all subsets of {0.5, 1.5, . . . }. The a-field on 
2'^ \{°°} is generated by the algebra of cylinder subsets. On this algebra we define 
a projection- valued measure (or rather, additive set function) Q by opening (a fi- 
nite number of) brackets inH = {H^^l®H^°l)(»- ■ -0 (ili^Ji^„ei?i°ii_„) (»iJ„,oo- 
Its cr-additive extension to the cr-field, evidently unique, exists by Kolmogorov's 
theorem combined with a simple argument [|40| , 3dll]. |_. 

The spectral measure /i/ of the random variable / = exp(^X|^) is easy 
to calculatp For any n we have a product, / = exp(^Jf|^) . . . exp(^X0i „) 
exp(^X^3xj), therefore the random set contains each of the points i, |, . . . , 
n — i with probability 1 — |E exp(^x|^) p — sin^ independently of others. 
It is just a Bernoulli process, an infinite sequence of independent equiprobable 
events. The random set is infinite a.s., which means that / € i?oo, the sensitive 



space orthogonal to the stable space Hq (B Hi (B ■ ■ ■ See also Icl and Sect. 

Continuous-time counterparts of these ideas for the commutative setup (see 
pb| ) are introduced by Tsirelson j^. Sect. 2]; for the noncommutative setup — 
by Liebscher and Tsirelson \ p% Sect. 2] independently. 

9b. Probability spaces 

Dealing with the time set M we introduce the set Comp(IR) of all compact 
subsets C C R. Endowed with the cr-field generated by the sets of the form 
{C € Comp(M) : CnU = 0}, where U varies over all open subsets of K, Comp(]R) 
becomes a standard measurable space 12.6]. Nowhere dense compact sets 
C C M (that is, with no interior points) are a measurable subset of Comp(R). 

By a projection-valued measure on Comp(M) (over a Hilbert space H) we 
mean a family of Hermitian projection operators Q{A) : H ^ H given for all 



measurable A C Comp(R), satisfying (9al) and countable additivity: 

if An t A then Q(A„) Q{A) strongly 
(that is, \\Q{An)f ~ Q{A)f\\ ^ for every / e H). 

9bl Theorem. ^ Th. 3dl2 and (3d3)] Let {n,T,P),{Ts^t)s<t be a contin- 
uous product of probability spaces, satisfying the upward continuity condition 



( Pd4| ). Then 

(a) there exists one and only one projection- valued measure Q on Comp(R) 
(over H = L2{Vl,T,P)) such that 

(9b2) Q{{C : C n (s, i) = 0}) = E ( • I V Tt,^) 

whenever — oo < s <t < oo; 

(b) Q is concentrated on (the set of all) nowhere dense compact sets C C R; 

(c) Q{{C : t e C}) for every t e R. 

Throughout Sect. the upward continuity condition is assumed for all 
continuous products of probability spaces. The time set R may be enlarged to 
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[—00,00], but it is the same, since a compact subset of [—00,00] not containing 
±00 (like |9bl| (c)) is in fact a compact subset of R. 
Using the relation Q{A n B) = Q{A)Q{B) we get 

(9b3) Q{{C : C n ((r, s) U (t, «)) = 0}) = E( - 1 T-oo.r V V Tu,oo) 

for —00 <r<s<t<u< 00, and the same for any finite number of intervals. 

It is convenient to express a relation of the form Q{A) = 1/f by saying that 
'almost all spectral sets belong to A'. Thus, (b) says that almost all spectral 
sets are nowhere dense, while (c) says that for every t, almost all spectral sets 
do not contain t. By the way, the latter shows that Q{{C : C n (s,<) = 0}) = 
Q{{C : Cn [s,t] = 0}). Also, applying Fubini theorem we see that almost every 
spectral set is of zero Lebesgue (or other) measure. 

As before, every f G H, ||/|| = 1, has its spectral measure 

^,f{A) = (Q{A)fJ)^\\QAf\\\ 

a probability measure on Comp(M). The relation Q{A) = 1h holds if and only 
if ^if{A) = 1 for all /. 
As before, 

(9b4) UP= f pl^lQ(dC), 

JComp(K) 

but now C may be infinite, in which case p''-^' = for all p e [0, 1). We have 

L2(^stabic) = Q({C : |C| <(»}); 

accordingly, the sensitive subspace is Q{{C : \C\ — 00}). A continuous product 
of probability spaces is classical if and only if almost all spectral sets are finite. 
The classical part of a continuous product of probability spaces is trivial if and 
only if almost all nonempty spectral sets are infinite. Also, 

(9b5) ([/"/,/)= / pl^l/^/(dC); 

JComp(K) 

/ is stable if and only if ///-almost all spectral sets are finite; / is sensitive if 
and only if fif -almost all nonempty spectral sets are infinite. 

Let g e Hi = Q{{C : \C\ = 1}) and / = Expg (in the sense of Sect. ||), 
then tJ-f/WfW is the distribution of a Poisson point process; the mean number of 
points on {s,t) is equal to ||5s,t||^ where gs^t = ^{g\^s,t) ■ 

If Q{A) = then /i/(j4) = for all /. For some / (for instance, / = 1) the 
relation iJ,f{A) — does not imply Q{A) — 0; however, such / are exceptional 
(in fact, they are a meager subset of H). For other, typical f G H the class of 
A such that fif (A) — does not depend on /. It means that all typical spectral 
measures are equivalent (that is, mutually absolutely continuous). Thus, each 
continuous product of probability spaces leads to a measure type (or 'class') M, 
— an equivalence class of probability measures on Comp(]R). 
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A measure belonging to the class has one and only one atom. Namely, a 
spectral set has a chance to be empty. 

The same construction may be applied to the restriction of a given continuous 
product of probability spaces to a given time interval (s, t) C K. We get a 
projection- valued measure Qs,* on the space Comp(s, t) of all compact subsets 
of (s, t), over Hs^t = i2(-^s,t), and a measure type Ms.t on Comp(s, t). It appears 
that 

Qr.t — Qr.s ® Qs,t for — oo<r<s<t<oo 

in the sense that Qr.t {A x B) — Qr,s{A-) Qs.t{B) for all measurable A C 
Comp(r,s) and B C Comp(s,i). Here A x B = {Ci U C2 : Ci G A, C2 G B}. 
Note that Comp(r, s) x Comp(s,f) is a subset of Comp(r, t) consisting of all 
C S Comp(r, t) such that s ^ C; it does not harm, since Qr,t{{C : s G C}) = 0. 
We get 

(9b6) Mr,t = Mr,s X Ms,t for - oo<r<s<i<cx) 

in the sense that the product measure fi = fii x ^2 belongs to Mr,t for some 
(therefore, all) ^1 G Mr,s, fJ-2 G Ms,t- Also, Ms,t is the marginal distribution 
of A4 in the sense that the marginal of ^ belongs to A4s,t for some (therefore, 
all) pl£ M. 

9b7 Definition. A measure type Ai on Comp(K) is factori zing , if {C : s G C} 
is Al-negligiblc for each s, and the marginals of Ai satisfy ( |jb6| ). 

See also |2^, Def. 4.1]. Every continuous product of probability spaces (sat- 
isfying the upward continuity condition) leads to a factorizing measure type on 
Comp(R). 

9b8 Question. Docs every factorizing measure type on Comp(M) correspond 



to some continuous product of probability spaces? (See also 9c2 and lOal,) 



A fragment Cr)[s,t] of a spectral set C is also a spectral set. More formally, 
for every interval [s,t] C M the map C t-^ C O [s,t] of Comp(R) to itself is 
A^-nonsingular. That is, the inverse image of each negligible set is negligible. 

The following three conditions are thus equivalent: 

almost all nonempty spectral sets are infinite; 

almost all spectral sets are perfect (no isolated points; the empty set is 
perfect); 

the classical part of the continuous product of probability spaces is trivial. 

9b9 Example. All classical noises (except for the trivial case, that is, assuming 
dimL2(^^) > 1) lead to the same measure type M = TUpoisson on Comp(R). 
Namely, Alpoisson contains the distribution of the Poisson random subset of K. 
whose intensity measure is finite and equivalent to the Lebesgue measure on 
K. (Equivalent finite intensity measures lead to equivalent Poisson measures.) 
Clearly, A^poisson is factorizing and shift-invariant. 
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9bl0 Example. For the noise of splitting, considered in Sect. |2e[ spectral 
sets are described by Warren [Q, see also Watanabe |4^. They are at most 
countable. Moreover, almost all spectral sets C satisfy \C'\ < oo (or equivalently, 
C" = 0); here C" stands for the set of all limit (that is, accumulation) points 
of C. The relation \C'\ < oo holds also for the noise of stickiness, considered in 
Sect. 15 @, 6b4]. 

9bll Example. For the black noise of coalescence, considered in Sect. 
almost all nonempty spectral sets are perfect (therefore, uncountable) . For some 
especially simple random variable / the spectral measure fJ.f is described by 
Tsirelson (see Sect. 7d] and references there); spectral sets are of Hausdorff 
dimension 1/2. 

For every noise, finite spectral sets select a subnoise (namely, the classical 
part of the noise) . Similarly, spectral sets C satisfying C" = select a subnoise 
[|0[ Th. 6b2(b) for a = 2, and 6bl0]. The same holds for C" = (a = 3) 
and higher levels of the Cantor-Bendixson hierarchy, but for now we have no 
examples. 

For every a E (0, 1) spectral sets of Hausdorff dimension at most a select a 
subnoise |o[ Th. 6b9, 6bl0]. (See also Sect, g) 

Consider (necessarily countable or finite) spectral sets C such that Vt G C 
3e > (C n (t,i + e) =0); that is, accumulation is allowed from the left but 
not from the right. Do these select a subnoise? I do not know. (See also [^0[ 
Question 6bl2].) 

All said above holds for (not just homogeneous) continuous products of prob- 
ability spaces. 



Here is a generalization of Theorem 4c3. In Item (b), dimC stands for the 
Hausdorff dimension of C. In Item (a) , is defined recurs ively: C(°) = C, 
^ (^c^n)y fj{K) ^ c^^^^^C^'^i) for limit ordinals k. The case k = 1 of 



(a) returns us to 4c3 



9bl2 Theorem. Let ((51, P), {J-s,t)s<t) be a continuous product of probability 



spaces, satisfying the upward continuity condition (3d4). Then: 

(a) For every finite or countable ordinal k there exists a symmetric self- 
joining (a^, Pk) of the given product such that 

E (/ o aK){g o (3^) = ¥,{fg) for all f,g E L2{fl) such that the relation 
C^'^'> = holds both for /i/-almost all C and for /ig-almost all C; 

E (/ o a«)(5 o /3^) = for all / e L2(r2) such that C*'') 7^ for ^/-almost 
all C, and aU g g L2{^). 

The self-joining (0^,/?^) is unique up to isomorphism. 

(b) For every 9 G (0, 1) there exists a symmetric self-joining {ae,Pe) of the 
given product such that 

E (/ o ao){g o f3e) = IE (/g) for all f,g E L2{i^) such that the relation 
dimC < 6 holds both for /i/-almost all C and for /ig-almost all C; 
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E (/ o ag){g o fig) = for all / G i2(f^) such that dim C > 61 for /iy-almost 
ah C, and aU g € L2{^). 

The self-joining (ag^(3g) is unique up to isomorphism. 

Proof (sketch). We combine the arguments of Sect. 6b] with the compact- 
ness of the space of joinings. A symmetric self-joining corresponds to every 
element of the set S (of some Borel functions Comp(M) [0, 1]) introduced in 
[|o[ Sect. 5b] and used in ||^, Sect. 6b, especially 6bl, 6b8]. □ 

9bl3 Corollary. The following two conditions are equivalent for any 9 £ (0, 1) 

and any continuous product of probability spaces, corresponding to a flow sys- 
tem {Xs^t)s<t- 

(a) dimC < for almost all spectral sets C; 

(b) dimC < 9 for /i/-almost all C, where / — (p{Xs,t), for all s < t and all 
bounded Borel functions (p : Gg.t ^ M (a single (p is enough if it is one-to-one). 



Proof: similar to Y^c5[ using pbl2| (b) . See also 
(4.2)]. 



1 Proof of Th. 1.3, especially 



9bl4 Remark. Five more corollaries similar to 9bl3 are left to the reader. 
Namely, each one of 4c5 , 7d7 , 7h7 may be generalized using each one of |9bT^ (a), 
9bT^(b), giving 3x2 = 6 corollaries, |9bl3| being one of them. 



Similarly to ( |9b2[ ) we have for s < t 
(9bl5) Q{{C : C'n (s,t) = 0}) = Q({C : \Cr\{s,t)\ < oo}) = 



The counterpart of ( |9b3| ) for C" is left to the reader. The operator ( pb2| ) cor- 
responds to a self-joining (of the continuous product of probability spaces), a 
combination of {ap,(3p) with different p; namely, p = on {s,t) and p — 1 
on (— cx), s) U (t, oo). The same holds for the operator ( 3bl5| ); still, p = 1 on 
(— oo,s) U (i,oo), but on {s,t) we use p = 1— (recall 4c5)! 

Similarly to ( |9b4| ) , ( |9b5| ) we may construct operators : L2{^) L2{^1) 

by 

pl^'lQ(dC), 



Comp(. 



VP = 



JComp(R) 

(see also |^, Th. 6b3 and before]). This is another generalization of the Ornstein- 
Uhlenbeck semigroup; it perturbs sensitive random variables, while stable ran- 
dom variables are intact. 
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9c. Example: nonclassical Harris flows (Warren and Watanabe) 

Similarly to the Arratia flow (considered in Sect. |7^), a Harris flow is a flow 
system of S-maps (from X to X, where X may be the circle T = M/Z or 
the line M), homogeneous both in time and in space, such that the one-point 
motion is the (standard) Brownian motion in X. However, Arratia's particles 
are independent before coalescence, while Harris' particles are correlated all the 
time. Namely, 

dXtdYt^b{Xt-Yt)dt, 

where Xt,Yt are coordinates of two particles at time t, and the correlation 
function b{-) is a given positive definite function A" — > R; 6(0) = 1, b{—x) = b{x). 
Thus, {Xt — Yt)t is a diffusion process, it becomes the (standard) Brownian 
motion in X under a random time change, the new time being 2 Jq (l — b(Xs — 
Ysj) As, as long as Xg ^ Yg. Three cases emerge (see also [|o[ Sect. 7.4]): 

non-coalescing case: 

X 

the function x i—t -r-^ is non-integrable near ; 

1 — b{x) 

classical coalescing case: 

X 1 
X ^ -^-^ is integrable near 0, but x ^ ---^ is not ; 

1 — b[x) 1 — b(x) 



nonclassical case: 

a; I— > ——^ is integrable near . 

1 — b{x) 



The non-coalescing case: Xt — Yf never vanishes; rather, Xf — Yt as 
t oo, and (l — b{Xg — Kj)) ds < oo. Two particles cannot meet, since 
their rapprochement is infinitely long. The origin is a natural boundary for the 
diffusion process {Xt — Yt)t. In particular it happens if b{-) is twice continuously 
differentiable (which leads to a flow of homcomorphisms, see ]|l6|. Sect. 8]). 

The classical coalescing case: Xt—Yt vanishes at some t and remains forever. 
Two particles cannot diverge after meeting; even a small divergence would take 
infinite time (and no wonder: it must involve infinitely many more meetings). 
The origin is an exit boundary. In particular it happens if 1 — b{x) |a;|" (as 
X ^ 0), 1 < a < 2. 

In the nonclassical case (in particular, 1 — b{x) ~ < a < 1) we have 
an additional freedom. The origin is a regular boundary; we may postulate it 
to be absorbing, sticky or reflecting. Only absorption leads to a flow system of 
S-maps {'the coalescing nonclassical case'); stickiness and reflection lead rather 
to flow systems of S-kernels. 

The corresponding noise is classical in the non-coalescing case, as well as in 
the classical coalescing case Sect. 7.4], Th. 1.1]. 
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We turn to the coalescing nonclassical case. Here, the noise is nonclassical 
[ pO| Sect. 7.4], Th. 1.1]. If the correlation function is continuous (and 
smooth outside the origin, and strictly positive definite) then the classical part 
of the noise is generated by infinitely many independent Brownian motions l pO| , 
Sects. 6.4, 7.4], ]^, Th. 1.1]. By the way, the Arratia flow does not fit into this 
framework (it needs a discontinuous correlation function, 6(0) = 1 , b{x) = for 
a: ^ 0), and leads to a black noise (recall Sect. |7|). 

Assuming 1 — h{x) x ]x]" as x — > for some a e (0, 1) (and some additional 
technical conditions on h{-)), Warren and Watanabe ]^, Th. 1.3] manage to find 
the Hausdorff dimension; the inequality 



(9cl) 



dimC < 



1 



a 



holds for almost all spectral sets C, but the strict inequality dim C < 
not. 



does 



By jbl4 it is sufficient to prove (9cl) for /i/-almost all C, where / is a 
random variable of the form S^'* (the coordinate at f of a particle starting at 
s,x). The set C" of limit po ints o f C is related to the self-joining (ai_,/3i_) 
(recall the paragraph after ( 3bl5| )). An explicit description of the joining in 
terms of diffusions, found by Warren and Watanabe, leads them to an explicit 
description of the random set C . It is (distributed like) the set of zeros of a 
diffusion process. If C" happens to be nonempty then dimC" = ^5^. 

9c2 Question. Can spectral sets of a noise be of Hausdorff dimension greater 



than (See also |9b8| and lOal.) 



9d. Hilbert spaces 

Throughout Sect. |^ the spaces L2 may be replaced with arbitrary pointed 
Hilbert spaces (recall Sect. 6d). I do it explicitly for Theorem 9bl; the rest of 
the work is left to the reader. 

9dl Theorem. Let {Hs^t,Us,t)s<t be a continuous product of pointed Hilbert 
spaces, satisfying the upward continuity condition ( 3dl6| ). Then 

(a) there exists one and only one projection- valued measure Q on Comp(R) 
(over H = iJ-oo.oo) such that 



(9d2) 



Qi{C : Cn (s,t) = 0})F = H^^^sUs^tHt, 



whenever —oo<s<t< 



(b,c): the same as in 9b 1 



(See also Theorem 9d4 ,) As before, i?_oo,sUs,t-fft,oo stands for the image of 
H-oo,s '9 Us,t Ht ao under the given unitary operator H^^o.s ® t ® -fft.oo — ^ 
^ — 00 , 00 • 

The upward continuity condition will be assumed for all continuous products 
of pointed Hilbert spaces. 
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Every continuous product of pointed Hilbert spaces leads to a factorizing 
measure type on Comp(]R). The continuous product is classical if and only if 
almost all spectral sets are finite. In this case the factorizing measure type is 
Poissonian (but the underlying measure type on M need not be shift-invariant). 
By Theorem ^e3| , classicality does not depend on the choice of a unit. 

9d3 Question. (|^, Notes 3.11, 10.2]) Does the factorizing measure type de- 
pend on the choice of a unit? 

The answer 'does not depend' would result from an affirmative answer to 
the following question (see Def. 8.2] and Notes 3.6, 5.8 and Sect. 11 
(qu estion 1)]). Let {Hs^t)s<t be a continuous product of Hilbert spaces, satisfying 



3el(a-c), and (ws,t)s<t, {vs.t)s<t two units. Does there exist an automorphism of 
{Hs,t)s<t sending {us,t)s<t to {vs,t)s<t^ In other words, are the two continuous 
products of pointed Hilbert spaces {Hg^t, Ms,t)s<t, {Hs,t, Vs,t)s<t isomorphic ? (A n 
automorphism may be defined as an invertible embedding to itself, recall pdq . ) 
However, the latter question is recently answered in the negative ||4l| . 

Every continuous product of probability spaces {U,s^tiPs.t)s<t leads to a 
continuous product of pointed Hilbert spaces {Hs^t,Us^t)s<t (namely, iJs,t = 
L2i^s,t, Ps.t) and Us^t = 1 on Qs.t) and further, to a continuous product of 
Hilbert spaces {Hs.t)s<t- The classical part of {^s,t, Ps.t)s<t corresponds to the 
classical part of (i?s,t, Us,t)s<t, in fact, the classical part of {Hs^t)s<t- 

We say that the classical part of {i^s,t, Ps.t)s<t is trivial, if all stable random 
variables are constant, that is, dim L2{J-^*^^^^'^) = 1. On the other hand, we say 



that the classical part of {Hs^t)s<t is trivial, if dimiJ'^''' = (recall (3e5)), which 
means, no decomposable vectors at all. The latter never happens for {Hs^t)s<t 
obtained from some ifls^f,Ps,t)s<t; indeed, dimi7'=''' = dim L2(^'*''"°) > 1- 
However, it may happen that dimH'^'*' = 1; every black noise is an example. 

If dimi?'^''' = 1 then all units are basically the same, and we may treat 
the corresponding factorizing measure type on Comp(M) as an (isomorphic) 
invariant of (Hs^t)s<t- In this case the projection- valued measure Q may be 
attributed to the embedding H'^^^ C H (rather than the unit). More generally, 
some Q may be attributed to the embedding H'^^^ C H assuming only dim H'^^^ > 
1 (as explained below), which leads to invariants of (not pointed) continuous 
products of Hilbert spaces. 

Let {Hs^t)s<t be a continuous product of Hilbert spaces, and H'^ ^ C Hg^t 
be (closed linear) subspaces satisfying dimH'^^ > 1 and H'^^H'^^ — H'^^ for 
r < s < t. Then {H'g f)s<t is also a continuous product of Hilbert spaces, and 
identical maps H^. ^ Hs^t are an embedding of the latter product to the former 
(recall |6d8| ). Such a pair of continuous products may be called an embedded pair. 

Instead of the subspaces H'^ f we may consider (following ||2^, Sect. 3.2]) 
Hermitian projections Ps.t : H ^ H satisfying P^,* € ^s,t, Pst ^ ^ and 



Pr,sPs,t = Pi\t ioT r < s < t (the algebras As,t appear in Sect. |5b|). Namely, 
Ps,tH = H^oo,sH's fHt.oo- Monotonicity of P^,* in s and t ensures existence of 
the limit Pg^^t+ = lini£^o+ Ps-e,t+e in the strong operator topology. (As before, 
— c» — £ = — oo, oo -I- e = oo.) In fact, Ps-,t+ = Ps,t unless s or i belongs to a 
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finite or countable set of discontinuity points. Theorem 9dl is a special case of 
the following fact. 

9d4 Theorem. (Liebscher |2|, Th. 1], Tsirelson [|9[ 2.9]) 
Let {H'g ^ C -ffs,t)-oo<s<t<oo be an embedded pair of continuous products of 
Hilbert spaces, and {Ps,t)s<t the corresponding family of projections. Then there 
exists one and only one projection- valued measure Q on Comp([— cx), oo\) (over 
H = i?-oo,oo) such that 

(9d5) Q{{C■.CC^[s,t]=%}) = P,^^t+ 

whenever — cxd < s <t < oo. 

Proof (sketch). We define Q on the algebra generated by sets of the form {C : 
C n [s, t] = 0} by Q{{C ■.Cn[s,t]= 0}) = and QiAnB) = Q{A)Q{B) 

(and additivity). The algebra generates the Borel cr-ficld on Comp([— oo, oo]), 



and we extend Q to the u-field using |39, 2.4, 2.5, 2.6]. □ 



The time set [— oo, oo] is essential. In the local case (the time set R) we have 
no global space H-ao,oo (and no embeddings C -ff-2,2 C . . . ), thus, no 

global Q. Still, we have Qs,t for s < t (since the time set [s, t] is similar to 
[-00,00]). 

A measure type on Comp([— 00, 00]) corresponds to each embedded pair. 
Still, for a given t we have t ^ C for almost all spectral sets C, unless t belongs 
to a finite or countable set of discontinuity points. Therefore almost all spectral 
sets are nowhere dense, of Lebesgue measure zero. They are compact subsets of 
R, unless —00 or +00 is a discontinuity point. If there is no discontinuity points 



at all then we get a factorizing measure type (as defined by 9b7). Especially, the 
factorizing measure type corresponding to the embedding of the classical part 
is an invariant of a continuous product of Hilbert spaces ||22| , Th. 2]. In the local 
case (the time set R) we get instead a consistent family of factorizing measure 
types on Comp([s, t]), —00 < s < t < 00. 

Let {Hs^t,Us,t)s<t be a continuous product of pointed Hilbert spaces (satis- 
fying the upward continuity condition), Q" the corresponding projection- valued 
measure, and the projection- valued measure corresponding to the embed- 
ding of the classical part. Similarly to ( |jbl5| ), 

Q"({C : C" n (s, t) - 0}) = Q"({C : \C H (s, t)\ < 00}) = P,+^t- = Ps,t , 

thus Q"({C : C'n{s,t) ^ 0}) = QU({(7 . {s,t) = 0}), which implies 

(9d6) Q"({C : C e A}) = Q'^iA) 

for all Borel sets A C Comp(M). This is a useful relation, due to Liebscher 
[ p2| Prop. 3.9], between unit-dependent spectral sets C and unit-independent 
spectral sets; the latter spectral set consists of the limit points of the former! 

The factorizing measure types corresponding to and will be denoted 
by and respectively, and the corresponding spectral sets by Cu and Ctj 
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(these make sense when saying that C satisfies something a.s.). In some sense, 
( |9d6| ) allows us to say that C'^ = Cu in distribution (for every u). 

If {Hg^t)s<:t is classical then Q^({0}) — 1, C„ is finite a.s., and Cy is empty 
a.s. In general, Q^{{^})H = H'^^^; Cu has a chance to be empty. 

Dealing with the probabilistic case (i?s,t = ^2(^3,1, Ps,t)) we assume that u 
is 'the probabilistic unit' (ws,t(-) = 1 on fls,t), unless otherwise stated. 



u 



9d7 Example. For the noise of splitting (recall |9bl0 ) C', is finite a.s., thus Ci 
is finite a.s. In fact, = A^poisson (for Alpoisson see 3b£). The same holds for 
the noise of stickiness. 



For a black noise (for instance, pbll| ), spectral sets are perfect a.s.; Cu 
C'=Cu- 



9d8 Question. The two noises (of splitting and stickiness) mentioned in 9d7 
lead to two continuous products of Hilbert spaces (not pointed!) (iJ^^''*)s<t and 
(iJ|*('^'^)s<t. Are these products isomorphic? 

We know that TW"^.^ ^ ^ Mpoi.son- However, TW^pi^ and M^^^^^ are 

different {u being the probabilistic unit in both cases). Namely, accumulation 
of is two-sided, while accumulation of C^^.^^^ is one-sided (from the right 

only). 

Note that the continuous products of Hilbert spaces (7?g'j''*)s<t and 
{Hf^l'^^)s<t in Question 9d8 are not treated as homogeneous, despite the 



fact that they originate from noises. The desired isomorphism need not in- 
tertwine time shifts, it need not be an isomorphism of the two homoge- 
neous continuous products of Hilbert spaces {{Hl'^^^^)s<t, {^l^t^^''^)s<t-h) and 
[{Hf^^^s<t,{^f.T^''^)s<t-h) that arise naturally from the two noises (recall 
Sect.'jsc^. 

In fact, the two homogeneous (and not local!) continuous products of Hilbert 



spaces are non-isomorphic. Indeed, Prop. 3fl shows that the 'probabilistic' units 
yspht^ ystick g^j,g basically the only shift-invariant units. Therefore the relation 
A^"piit ^ Alstick denies isomorphism. 



However, Prop. 6fl does not apply to Arveson systems (recall Dcf. 6f3 and 
Th. The Arveson systems (i/'P'")t>o, {Hf''^)t>Q have units Ut = cxp((aH- 
f3i)Bt — -I- i7i) parametrized by a,/3, 7 G K; here {Bt)t — (ao,t)t is the 
corresponding Brownian motion. An isomorphism must send a unit into a unit, 
but may change the parameters a,/3,7. 



9d9 Question. The two noises (of splitting and stickiness) mentioned in 9d7 
lead to two Arveson systems. Are these systems isomorphic? 



In 9d8 (unlike 9d9) on one hand, the isomorphism need not be shift-invariant; 
on the other hand, it must act on the global space if_oo,oo- 

Let {Ht)t>o be an Arveson system and (wt)t>o a unit. They lead to a homo- 
geneous local continuous product of pointed Hilbert spaces, and we may enlarge 
the time set M to [—00,00], thus getting a shift-invariant factorizing measure 
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type A^" on Comp(R); but the enlargement depends on the unit u. Waiving the 
unit we have a homogeneous local continuous product of Hilbert spaces, thus, a 
consistent shift-invariant factorizing family of measure types {M.s,t)-oo<s<t<aD\ 
they correspond to embeddings Hf^ C i?s,t- However, the absence of the 'global' 
embedding -ffl'^ oo <^ does not prevent us from introducing a 'global' 

measure type M on Comp(R). To this ens we note that spaces Conip([— n, n]) 
are related not only by projections Comp([— n — l,n + 1]) — s- Comp([— n, n]), 
C ^ Cn[—n, n], but also by embeddings Comp([— C Comp([— n— 1, rt+l]). 



The measure classes (see 10a2) (Comp([— n, n]), A^_„^„) form not only a pro- 
jective (inverse) system, but also an inductive (direct) system. In contrast to 
probability spaces (suitable for projective but not inductive limits), for measure 
classes we may take inductive limits (but not projective limits). Thus, we may 
define as the measure type on Comp(M) compatible with all M-n.n in the 
sense that the conditional distribution of C given that C C [—n,n] belongs to 
M-n.n- (Existence and uniqueness of such M is easy to check.) 

9dl0 Corollary. Every Arveson system of type // leads to a measure type 
on Comp(M); every unit u of the Arveson system leads to a measure type 
A^" on Comp(R); and \s the image of A^" under the map C ^ C . 

Do not think, however, that type // systems are simpler than type /// 
systems. In fact, invariants like catch only a small part of the structure of 
type // systems. The rest of the structure cannot be simpler than the whole 
structure of type /// systems! See |2^, Sect. 6.4]. 

10. Continuous products of measure classes 
10a. From random sets to Hilbert spaces 

We start with a result that involves an idea of Anatoly Vcrshik (private com- 
munication, 1994) of a continuous product of measure classes as a source of 
a continuous product of Hilbert spaces, and an idea of Jonathan Warren (pri- 
vate communication, 1999) of constructing a continuous product of measure 
classes out of a given random set. See Liebscher Prop. 4.1 and Sect. 8.2] and 
Tsirelson Lemma 5.3]. For now this is the richest source of (non-isomorphic) 
continuous products of Hilbert spaces with nontrivial classical part. (See also 



9bS.) First, recall that every continuous product of pointed Hilbert spaces, sat- 



isfying the upward continuity condition, leads to a factorizing measure type on 



Comp(R), as explained after Theorem 9dl 



lOal Theorem. For every factorizing measure type Al on Comp(R) (as defined 



by [)b7 ) there exists a continuous product of pointed Hilbert spaces, satisfying 
the upward continuity condition ( |6dl(: ) , such that the corresponding factorizing 



measure type is equal to M. 

A proof will be sketched later. 'Square roots of measures', introduced by Ac- 
cardi pi, are instrumental. For more definitions and basic facts see ^, Sect. 14.4] 
and py. Sect. 3]. My definition (below) is somewhat more restrictive than Arve- 
son's, since I restrict myself to measure classes generated by a single measure 
(and standard probability spaces). 
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10a2 Definition. A measure class is a triple {fl,J^,A4) consisting of a set f2, 
a cr-ficld on and a set of probability measures on (O, JF) such that for 
some /i G the probability space (fl, T , \x) is standard and for every probability 
measure v on (ri,JF), 

V ^ [L if and only if v ^ M. ^ 

u ^ fj, denoting mutual absolute continuity. 

Hilbert spaces ^2(^)7 ^2(1^) for ^ M. may be glued together via the 
unitary operator i2(/-t) ^ L2{v), 

here ^ is the Radon-Nikodym derivative (denoted also by ^). These spaces may 
be treated as 'incarnations' of a single Hilbert space L2{(l,J^ ,J^)- The general 
form of an element of L2{^,T ,M) is f^/Ji, where ^ & M and / G L2{^,^, ij), 
taking into account the relation 

Any isomorphism of measure classes induces naturally a unitary operator 
between the corresponding Hilbert spaces. 

The product of two measure classes is defined naturally, and 

L2{{n,J',M) X {n'^J'^M')) ^ L2{n,T,M)®L2{n',T',M')] 

that is, we have a canonical unitary operator between these spaces, namely, 
fVJ^^f'VW ^ (/ «> f')VJ^, where (/ (g> Hi^^J) = I'U write 

in short L2{M) instead oiL2{^,T,M)] thus, L2{MxM') = L2{M)®L2{M'). 
Everyone knows the similar fact for measure spaces, L2{fJ.x pi') = L2{fi)^L2{fi'). 



Here is a counterpart of Def. 3c6 



10a3 Definition. A continuous product of measure classes consists of measure 
classes (fi^.t, A^s,t) (given for all s,i e [—00,00], s < t), and isomorphisms 
{nr,s,Mr,s) X {ns^t,Ms,t) ^ {flr^t,Mr,t) (givcu for aU r,s,t e [-00,00], r < 
s < t) satisfying the associativity condition: 

(cJiW2)'-^3 — ^i{'-^2^3) for almost all lui G ilr,s, ^2 € ^s.t, ^3 € ^t.u 
whenever —00 < r < s < t < 00. 

Note the time set [—00,00] rather than K. Enlarging R to [—00,00] is easy 



when dealing with probability spaces (as noted after Def. 3cl) but not measure 



classes (nor Hilbert spaces, as noted after Sal). Having a local continuous prod- 
uct of measure classes (over the time set R) we may choose fin,n+i G -Mn.n+i 
for each n E Z and define Al_oo,oo as the equivalence class that contains the 
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product of these ^n.n+i- However, another choice of may lead to another 

Given a continuous product of measure classes {M.s,t)s<t^ we may construct 
the corresponding continuous product of Hilbert spaces {Hat)s<u just H^t = 
L2{Ms,t). 

10a4 Question. Does every continuous product of Hilbert spaces (up to iso- 
morphism) emerge from some continuous product of measure classes? 



S ee al so |22| Note 8.4 and Sect. 11 (question 9)]. A counterpart of Def. 3cl 
(see 10a7 ) needs some preparation. 

lOaS Definition. Sub-cr-fields JFi,...,JF„ on a measure class {ft,T,Ai) are 
independent, if there exists a probability measure fi € M such that 

(10a6) fi{Ai n • • • n An) = Ai(^i) ■ ■ • m(Ai) for all e J^i, . . . , A„ e . 

For independent J^i , . . . , Tn the sub-u-field J^i V • • • V J-'n generated by them 
will be denoted also by J^i (g) • • • (g) . 

Given a product of two measure classes, 

in,T,M) = {ni,Ti,Mi) X {n2,T2,M2), 

we have two independent sub-cr-fields Ti , J-2 such that J- = Ti ® J-2] roughly, 

Ti^{Axn2: Ae Ti} , T2 ^ {Hi x B : B e J^s} 

(however, all neghgible sets must be added). 

And conversely, every two independent sub-cr-fields J-i , J-'2 such that J- = 
T\ ® T2 emerge from a representation of (yi,T ,M.) (up to isomorphism) as a 
product; in fact, {^k,Tk,M.k) = {^^T ,M) lTu is the quotient space. 

The following definition (in the style of |3cl| ) is equivalent to lOaS. 

10a7 Definition. A continuous product of measure classes consists of a mea- 
sure class {H,J^,M) and sub-cr-fields !Fs^t C (given for all s,t £ [— cx),oo], 
s < t) such that T^ryD,oo = ^ ('non-redundancy'), and 

(lOaS) J-r,s ® J's,t = J'r,t whenever — oo<r<s<t<oo. 

Every factorizing measure type M on Comp(]R) leads to a continuous prod- 
uct of measure classes (Comp(s, i), A^s,t)s<*; recall ( |9b6[ ). 

Proof (sketch) of Theorem |10al . The factorizing measure type on Comp(R) 
leads to a continuous product of measure classes (Comp(s, t),Ms^t)s<t and fur- 
ther, to a continuous product of Hilbert spaces (-ffs,t)s<t, -ffs,t = L2{M.s,t)- 
Measures of Ai have an atom at 0, that is, /i({0}) > 0. (Indeed, on small in- 
tervals /is^t({0}) > since it is close to 1; cover [— oo,cxd] by a finite number 
of such intervals, and multiply.) We define Ug^t as the root of the probability 
measure concentrated at the atom, thus getting a continuous product of pointed 
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Hilbert spaces {Hs^t,Us,t)s<t- The upward continuity follows from the fact that 
Comp(s, t) = lJe>o Conip(s + e,t — e) mod 0. The projection- valued measure Q 
given by Theorem ^dl| satisfies Q{{C : C (1 {s,t) = ^})H = H-ao,sUs,tHt^oo, 
the latter being the space of all vectors ip = f^/JI such that the measure 
IV'P = l/P • M on Comp(R) is concentrated on the set {C : C D (s,t) = 0}. 
Thus, {Q{A)i},jl}) = IV-PIA) for sets A C Comp(R) of the form A = {C : 
Cn(s, t) = 0}. The same holds for finite intersections of such sets, therefore, for 
all measurable A C Comp(R). It means that the spectral measure of V' = 

is |^P = |/|2.^. □ 

If M is shift-invariant then the continuous product constructed above is ho- 



mogeneous, and leads to an Arveson system (recall 5c9). If, in addition, A4-al- 
most all C are perfect then the constructed Arveson system has no other units, 
that is, is of type IIq. 

10a9 Corollary, (a) Every shift-invariant factorizing measure type Ai on 
Comp(K) is equal to for some unit u of some Arveson system. 

(b) If, in addition, Ai is concentrated on (the set of all) perfect subsets of M. 
then A4 = for some Arveson system of type IIq. 

(See also |2^, Th. 3] for a stronger result.) Thus, Arveson systems of type 
IIq are at least as diverse as shift-invariant factorizing measure types on the 
space of all perfect subsets of R. 

The set of zeros of a Brownian motion is an example of such measure type. 
More exactly, we may consider the random set {s E {Q,t) : a + Bg = 0} for 
given t,a G (0, oo); the distribution of the random set depends on a, but its 
measure type does not. The corresponding shift-invariant factorizing measure 
type on Comp(M) exists and is unique. The random set is perfect, of Hausdorff 
dimension i (unless empty). 

Similarly, an example of a random set of any desired Hausdorff dimension 
between and 1 is given by zeros of a Bessel process |^, Sect. 3]. See also 
Sect. 4.4]. 

However, random sets are much more diverse than Bessel processes. For every 
perfect set of Hausdorff dimension less than i there exists a random set (I mean, 
a shift-invariant factorizing measure type) obtained from the given (nonrandom) 
set by a random perturbation preserving almost all the microstructure of the 
given set. It may be called the barcode construction, see Sect. 6]. In contrast 
to Bessel zeros, random sets obtained from the barcode construction are in 
general not invariant under time reversal {t i— > —t) and time rescaling (t i— s- ct 
for c G (0,oo), c 7^ 1); they gives us a continuum of mutually non-isomorphic 
asymmetric Arveson systems of type IIq Th. 7.3]. 

10b. From off-white noises to Hilbert spaces 

Random compact subsets of R are one out of many sources of continuous prod- 
ucts of measure classes. One may use random compact (or closed) subsets of 
R X L for some locally compact space L |22, Sect. 4.1 and Sect. 11 (question 3)], 
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random measures ||2^, Note 6.8 and Sect. 8.3], etc. But first of all we should try 
Gaussian processes, for several reasons: they occupy a prominent place among 
random processes; relations between sub-cr-fields reduce to relations between 
subspaces of a Hilbert space; the white noise is a Gaussian process. Indeed, 
random sets used before generalize the Poisson process, while off-white noises 
used below generalize the white noise, and appear to lead to type /// Arveson 



systems (see 10b6) 



Of course, the white noise cannot be treated as a random function on JR. 
Gaussian random variables correspond to test functions rather than points, 
which is harmless; we need only sub-cr-fields Ts^t that correspond to intervals 
{s,i), not points. The same holds for other Gaussian processes considered here. 
Being stationary, such process is described by its spectral measure, a positive 
CT-finite measure v on [0,cxd) such that the Gaussian random variable corre- 
sponding to a test function / has mean and variance / |/(A)p z^(dA); here 
/(A) = (27r)~^/^ J f{t)e~^^*dt is the Fourier transform of /. We restrict our- 
selves to measures v majorized by Lebesgue measure (that is, i^(dA) < CdA for 
some C; see Q and Sect. 9] for the general case). Thus, every / e L2(R) 
is an admissible test function. The space G of Gaussian random variables may 
be identified with the Hilbert space L2{v). Each interval (s,i) C M leads to a 
subspace Gg.t C G defined as the closure of {/ : / e _L2(s,i)}, and the corre- 
sponding sub-cr-field Ts.t C T. 

For the white noise the 'past' and 'future' spaces G_oo,Oi Gq.oo are orthogo- 
nal; the 'past' and 'future' sub-cj-field T-oofl, ^o,cx> are independent, and we have 
a continuous product of probability spaces. More generally, in order to give us a 
continuous product of measure classes, these sub-a-fields should be independent 
for some equivalent measure. A necessary and sufficient condition is well-known 
(see [|8[ Th. 3.2], |§, Th. 9.7]): v{dX) = e'^^^'dA for some (/? : [0,oo) ^ R such 
that 

(lObl) / / — r dAidA2<oo. 

Jo Jo IA1-A2K 

A sufficient condition for ( |lObl| ) is available (see |3|, Prop. 3.6(b)], ||, (9.11)]): 



r 

(10b2) ip is continuously differentiable, and / 

^0 



A dA < 00 . 



In particular, the sufficient condition is satisfied by any strictly positive smooth 
function A 1-^ e'^^'^^ — i'{dX) /dA such that for A large enough, one of the following 
equalities holds: 



(10b3) 
(10b4) 



i^(dA) 
dA 
z/(dA) _ 

dA ~ 



= ln~" A , < a < 00 ; 
exp ' ' 



(-In'^A), 0</3<i; 
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see ll^, Examples 3.11, 3.12], (9.12)-(9.13)]. Every such v leads to a contin- 
uous product of measure classes {^,J^,M), {J^s,t)s<t- Namely, M. is the equiva- 
lence class containing the Gaussian measure 7 whose spectral measure is v. The 
group {Th)h&. of time shifts leaves invariant the equivalence class Ai and more- 
over, the measure 7. The corresponding Hilbert spaces H^^t = L2{^, !Fs,t, -M), 
being a homogeneous continuous product of Hilbert spaces (over the time set 
[—00, 00]), lead to an Arveson syste m. 

The white noise, contained in (lObS) as the case a = 0, leads to a clas- 
sical continuous product of probabihty spaces {n,T,'^),{J^s,t)s<t and classi- 
cal (type /) Arveson system. Generally, (il, J^, 7), {J^s,t)s<t is not a continuous 
product of probability spaces, since the past and the future are not indepen- 
dent on (fJ, J^, 7). However, a decomposable vector ip — /y^, \\ip\\ = 1 (if any) 
gives us a probability measure — |/P • H, decomposable in the sense that 
(r2, JF, {^s,t)s<t is a continuous product of probability spaces. Especially, 
the measure \ip\'^ makes independent the pair of random variables corresponding 
to such 'comb' test functions fn,gn (for any given n): 




fn{t)+gn{t) = 1, 

fn{t) - 9nit) = sgnsiuTrrtt 
for t e (0, 1) . 



If 1/ satisfies the condition 



(10b5) 



z/(dA) 
dA 



as A 



(which excludes the white noise), then \\fn — gn\\L2{i') ~^ (see 10.2]), there- 
fore the independent random variables on (il,.F, |f/'P) corresponding to /„ and 
gn converge (as n — s- 00, in probability) to the same random variable Z corre- 
sponding to the test hmction ^ • l(o,i)- We see that Z is constant on (il, !F, 
therefore, has an atom on {fl,!F,j) (since the measure ji/jp is absolutely contin- 
uous w.r.t. 7). However, the normal distribution of Z on {Q,J-',"f) is evidently 
nonatomic! The conclusion follows. 



10b6 Proposition. 10.3] If ly satisfies (10b5) then the corresponding con- 
tinuous product of Hilbert spaces has no decomposable vectors, and the corre- 
sponding Arveson system is of type ///. 



Every a > in ( 10b3 ) (as well as every /? in (10b4)) gives us a nonclassical 
Arveson system. One may guess that, the larger the parameter a, the more 
nonclassical the system. Striving to an invariant able to confirm the guess, we 
introduce 'spaced comb' test functions fn,ei 



/„,e(i) = lif (n<modl)e (0,e), 
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and the corresponding Gaussian random variables Zn^e on (ri,jr, 7). It is in- 
structive to consider the correlation coefficient 

/ Z„,£Zd7 



between Zn,e and the random variable Z corresponding to the test function 
1(0,1)- For the white noise, pn,e does not depend on n (in fact, pn^e = V^)- 



However, (10b5) implies p„_e ^ 1 as n ^ 00 (for every e S (0, 1)). On the other 



hand, pn,e — > as e — > (for every n). It is more interesting to take lim„ p„ 



when £„ 0. Especially, for v of the form (10b3) with a > 



if En In" n 00 then Pn,e„ ^ 1 : 
if e„ In" n then Pn.cn ^ , 

which gives us a clue to a useful invariant. We should consider 'spaced comb' 
sets En C (0,1) (namely, i?„ = {t G (0,1) : fn,e„{t) = l})i the decomposi- 
tions (0, 1) = EnU E^ (where E^^ = (0, 1) \ E ^) of the interval (0, 1), and the 



corresponding decompositions (see also ( |llal| )) 



Mo.i Me„ X Me-^ , 
Go,i = Ge,^ © G^jc , 
Ho,i = He„ ® , 
-4-0,1 = Ae„ 181 .4_Bc 

of the measure class A^o.i, the Gaussian space Go,i (a linear subspace of G), 
the Hilbert space iJo,i = L2{Mo,i) and the algebra Ao,i of operators on -ffo,i- 
Their asymptotic behavior (as n ^ cx)) should be sensitive to the asymptotic 
behavior (as A 00) of i^(dA)/dA. 

The rest of the story, sketched below, belongs to functional analysis rather 
than probability. (In fact, the whole story is translated into the language of 
analysis by Bhat and Srinivasan [|lO|.) The norm on the Hilbert space Hq i is 
singled out by the Gaussian measure 7. However, the equivalence class A^o,i 
contains many Gaussian measures; 7 is just one of them. Accordingly, G should 
not be treated as a Hilbert space. Its natural structure is given by an equivalence 
class of norms (rather than a single norm), but the equivalence is much stronger 
than topological, it may be called FHS-equivalence, and G may be called an 
FHS-space 8.5]. The decomposition Go,i = Ge,^ ® Ge^ is orthogonal in 
the FHS sense, that is, orthogonal in some (depending on n) norm of the given 
class. However, the decomposition Ao,i = Ae„ ^ Ae^ is treated as usual; Ae^ 
is the commutant of AEr^■ In fact, every FHS space G leads to a Hilbert space 
H = Exp(G), and every orthogonal decomposition of the FHS space G leads to 
a decomposition of the operator algebra of H into tensor product. 

The desired invariant (of an Arveson system) is the set of all sequences 
e„ such that 

(10b7) limsup^B^ is trivial; 
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the latter means that for all Ai G Aei,A2 S Ae2t ■ ■ all hmit points (in the 
weak operator topology) of the sequence Ai,A2,... are scalar operators. Con- 
dition ( |10b7| ), taken from Def. 26 and Th. 30], is equivalent to the condition 
[59l 2.2]: for every trace-class operator R : iJg.i Hq i satisfying trace(i?) = 0, 



(lObS) sup I trace(Ai?)| ^0 as n ^ oo . 

A£AE„M\\<i 

(Note that the sequence {En)n is not decreasing, in contrast to ]|2^, Prop. 10.1 
and Cor. 10.2].) Fortunately, the condition can be reformulated in terms of Ge„ 
and G^c. 

10b9 Proposition. Condition ( |10b7| ) holds if and only if 
(lOblO) lim sup Gb,. = {0} and lim inf G^c = G . 

n — *oo 

The relation hmsupG^^ = {0} means that for all gi £ GEi,g2 G G^j, . . . 
the only possible limit point of the sequence 5i,52i--- is 0. The relation 
lim inf G = G means that every G G is the limit of some sequence gi, g2, ■ ■ ■ 
such that gi e Ge^2 G G^s , . . . 



Proposition 10b9 appeared first in 11.3] with a long, complicated proof 
(occupying Sections 11 and 12 of |39|). For a substantially simpler proof see 
Th. 30]. 

lObll Proposition. (See [p9l 13.10].) Let spectral measures z^i,i^2 satisfy 



(10b3) with parameters ai,a2 respectively, < ai < a2- Then there exists 



a sequence (£„)„ such that £„ and the corresponding 'spaced comb' sets 



En satisfy ( |l0b7|) for the Arveson system corresponding to vi but not i>2- 



In fact, the seq uence e„ = In '^n fits for ai < c < a2- Of course, (lOblO) is 



checked instead of (10b7). Still, the proof uses tedious calculations |39|, Sect. 13]. 



Here is the conclusion. 

10bl2 Theorem. (Tsirelson 13.11]) There is a continuum of mutually 
non-isomorphic Arveson systems of type ///. 

11. Beyond the one-dimensional time 
11a. Boolean base 



The definitions of continuous products (3c6, pal| , 6d6, 10a3) center round the 
relations 

^r,t — ^r,s X ^s,t , Hr^t = Hr^s ® Hg^t CtC. 

ior r < s < t. These are special cases (for A — (r, s) and B — (s,t)) of more 
general relations 

(Hal) ^Ai±>B = X ils , Haisb = Ha® Hb etc. 
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for elementary sets A, B satisfying A n i? = 0. By an elementary set I mean 
a union of finitely many intervals, treated modulo finite sets. (For example, 
(—5,1) U {2} U [9,oo) is an elementary set, and [—5,1) U (9, cx)) is the same 
elementary set.) The disjoint union A^B is just AUi? provided that AnS = 0. 
Of course, 

^(r,s)U(t,«) = ^r,s X ^t,u , -f^(r,s)u(t,«) = H^^s ® Hf^u etC. 

for r < s < t < u; the same for any finite number of intervals. 

Elementary sets are a Boolean algebra. More generally, we may consider an 
arbitrary Boolean algebra A (instead of the time set T) and define continuous 



products (of probability spaces, Hilbert spaces etc.) over A by requiring (llal| 



for all disjoint A,B(zA. This 'boolean base' approach is used in 0, ||13|, 
Sect. 1], [|6). Early works |], p3[ | concentrate on complete Boolean algebras 
(which means that every subset of the Boolean algebra has a supremum in the 
algebra), striving to prove that all continuous products (satisfying appropriate 
continuity conditions) are classical. More recent works Q, Sect. 2] prefer 
incomplete Boolean algebras and nonclassical continuous products. 



The following result answers a question of Feldman |13, 1.9]. 

Ila2 Theorem. (Tsirelson [|o[ 6c7], see also 3.2]) A continuous product 
of probability spaces, satisfying the upward continuity condition, is classical if 
and only if the map E l—^ Te can be extended from the algebra of elementary 
sets to the Borel cr-field, satisfying Ta^b — Ta®^b and the upward continuity 
{An T A implies JF_a„ T ^a) for Borel sets A, B,An. 

lib. Two-dimensional base 

The two black noises considered in Sections |7|, |^ are scaling limits of dis- 
crete models driven by two-dimensional arrays of independent random variables. 
Their one-dimensional time is just one of the two dimensions. The sub-cr-field 
!Fs.t corresponds to the strip (s,i) x M C M^. It should be possible to define 
sub-cr- fields Ta for more general sets A C M.'^. The whole Borel cr-field of 



is too big (recall Theorem lla2 ); the Boolean algebra generated by rectangles 
(s, t) X (a, b) is a modest choice. No such theory is available for now. 

The class of appropriate sets A C should depend on the model. The same 
may be said about the one-dimensional time, if we do not rest rict ourselves to 
intervals (as in Sections ||-^0|) or elementary sets (as in Sect. 11a). The Hausdorff 



dimension dim(9v4) of the boundary of A could be relevant. See also end of 
Sect. 2d]. It could be related to the Hausdorff dimension of spectral sets (recall 

EM- 

The model of Sect. being a kind of oriented percolation, is much simpler 
than the true percolation. 

llbl Question. (See also 8al].) For the (conformally invariant) scaling 
limit of the critical site percolation on the triangular lattice, invent an appro- 
priate conformally invariant Boolean algebra of sets on the plane and define the 
corresponding sub-cr-fields Ta satisfying Tai±ib ~ ^A ^b- Is it possible? 
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Hopefully, the answer is affirmative, that is, the two-dimensional noise of 
percolation will be defined. Then it should appear to be a (two-dimensional) 
black noise, see |4^, 8a2]. 

It would be the most important example of a black noise! 

Acknowledgment. I thank the anonymous referee whose detailed com- 
ments have lead to better readability. 



References 



[1] L. Accardi, On square roots of measures, In: Proc. Internat. School of 
Physics "Enrico Fermi", Course LX, North-Holland, pp. 167-189 (1976). 



MR0626536 



111 



[2] H. Araki and E.J. Woods, Complete Boolean algebras of type I factors, 
Publications of the Research Institute for Mathem a tical Sciences, Kyoto 
Univ., Series A, 2(2), 157-242 (1966). |MR0203497| [TT£ 

[3] R.A. Arratia, Coalescing Brownian motions on the line. Ph. D. Thesis, 
Univ. of Wisconsin, Madison, 1979. |7| 

[4] W. Arveson, Noncommutative dynamics and E-semigroups, Springer, New 
York, 2003. |A/IR1978577| |, |, ||, ||, |5|, ||, |6l||2[ |6| |3 g |9|, 



111 



[5] M.T. Barlow, M. Emery, F.B. Knight, S. Song and M. Yor, Autour d'un 
theoreme de Tsirelson sur des filtrations browniennes et non browniennes, 
Lect. Notes in Math 1686 (Seminaire de Probabilites XXXII), Springer, 



Berlin, 264-305 (1998). |MR1655299| 
[6] P. Baxendale, Brownian motions in the diffeomorphism group I, 



Compositio Mathematica 53:1, 19-50 (1984). MR0762306 



[7] H. Becker and A. S. Kcchris, The descriptive set theory of Polish group 
actions, London Mathematical Soc iety Lecture Note Series 232, 
Cambridge University Press, 1996. |MR1425877l ||, |l| 

[8] I. Benjamini, G. Kalai and O. Schramm, Noise sensitivity of Boolean 

functions and applications to percolation, arXiv:math.PR/9811157v2 . Inst. 
Hautes Etudes Sci. Publ. Math. no. 90, 5-43 (1999). |MR1813223| ^| 

[9] B. Bhat, Cocy cles of CCR fl ows. Memoirs Amer. Math. Soc. 149 (709), 
114 pp (2001). |MR1804156| . [lOg 

[10] B.V.R. Bhat and R. Srinivasan, On product systems arising from sum 



systems, irXiv:math.OA/0405276vl. 117, 118 



[11] E.B. Davies, Quantum theory of open systems. Academic Press, London, 
1976. IMR0489429I |9^ 



B. Tsirelson/Nonclassical flows and products 



121 



[12] M. Emery and W. Schachermayer, A remark on Tsirelson's stochastic 
differential equation, Lecture Notes in Math. 1709 (Seminaire de 
Probabilites XXXIII), Springer, Berlin, 291-303 (1999). |MR1768002| g 

[13] J. Feldman, Decomposable processes and continuous products of probability 
spaces, J. Funct. Anal. 8, 1-51 (1971). |MR0290436| |, |l|, ||, ||, |ll£ 

[14] L.R.G. Pontes, M. Isopi, CM. Newma n, K. Ravishankar, The Bro wnian 
web: characterization and convergence, arXiv:matIi.PR/0311254vl . Annals 
of Probability 32:4 (2004). |7| 

[15] E. Glasner, B. Tsirelson and B. Weiss, The automorphism group of the 
Gaussian measure cannot act pointwise, arXiv:math.DS/0311450v2 . Israel 
J. Math, (to appear). ||, ^ 

[16] T.E. Harris, Coalescing and noncoalescing stochastic flows in Ri, 
Stochastic P r oces ses and their Applications 17:2, 187-210 (1984). 
MR0751202| [l06| 

[17] A.S. Kechris, Classical Descriptive Set Theory, Graduate Texts in Math. 
156, Springer, New York, 1995. |MR1321597| |2|, 1^, |2||9[ || ||, |^ |l|. 



101 



[18] A.S. Kechris, New directions in descriptive set theory. The Bulletin of 
Symbolic Logic 5:2, 161-174 (1999). |MR1791302| |l^ 

[19] Y. Le Jan, S. Lemaire, Products of Beta matrices and sticky flows, 

|arXiv:math.PR/0307106^ Probability Theory and Related Fields 130:1, 
109-134 (2004). |8g|, |90| 



[20] Y. Le Jan, O. Raimond, Flows, coalescence and noise 

Is c 

I ^, |lO^, [lOTl 



arXiv:math.PR/020322l74[ The Annals of Probability 32:2, 1247-1315 
(2004). |MR206029?j |74|, [75|, ^ '~' 



[21] Y. Le Jan, O. Raimond, Sticky flows on the circle and their noises. 

Probability Theory and Related Fields 129:1, 63-82 (2004). |MR2052863 

Its], H M Isi 



[22] V. Liebscher, Random sets and i nvariants for {type II) conti nuous tensor 
product systems of Hilbert spaces, arXiv:math.PR/0306365vl . ^0[ ^5[ ^6], 



H, n, 1^, § 



101, 102, m, 109 



111 



113, 114, 115, 118 



[23] G. Link, Representation theorems of the de Finetti type for [partially) 
symmetric probability measures. In: Studies in inductive logic and 
probability, vol. II, 207-231, Univ. of California Press, Berkeley, 1980. 



MR0587992 



[24] J. Neveu, Mathematical foundations of the calculus of probability, 



Holden-Day, San Francisco, 1965. MR0198505 



B. Tsirelson/Nonclassical flows and products 



122 



[25] R.T. Powers, A nonspatial continuous semigroup of *-endomorphisms of 
^{Sj), Publications of the Research Institute for Mathematical Sciences, 
Kyoto Univ., 23:6, 1053-1069 (1987). |MR0935715| | 

[26] R.T. Powers, New examples of continuous spatial semigroups of 
*-endomorph isms of^{Sj), Internat. J. Math. 10:2, 215-288 (1999). 
MR1687149| | 

[27] M. Reed and B. Simon, Methods of modern mathematical physics. I. 
Functional analysis, Second edition, Academic Press, New York, 1980. 



MR0751959 



[28] D. Revuz and M. Yor, Continuous Ma rtingales and Brownian Motion, 



Second edition. Springer, Berlin, 1994. 



MR13G3781 



[29] O. Schramm and B. Tsirelson, Trees, not cubes: hypercontractivity, 

cosiness, and noise stability. Electronic Communications in Probability 4, 



39-49 (1999). MR17116G3 



[30] A. Shnirelman, On the nonuniqueness of weak solution of the Euler 

equation. Comm. Pure Appl. Math., 50:12, 1261-1286 (1997). |MR1476315| 

E 

[31] A.V. Skorokhod, Random linear operators. Mathematics and its 
Applications (Soviet Series), D. Reidel Publ., Dordrecht, 1984. 
MR0733994I ^ 

[32] S. Smirnov and W. Werner, Critical ex ponents for two-dimensional 
percolation, arXiv:math.PR/0109120v2 . Mathematical Research Letters 
8:5/6, 729-744 (2001). |MR1879816| H 

[33] F. Soucaliuc, B. Toth and W. Werner, Reflection and coalescence between 
independent one- dimensional Brownia n paths, Ann . Inst. H. Poincare 
Probab. Statist. 36:4, 509-545 (2000). |MR1785393| || 

[34] B. Toth and W. Werner, The true self-repelling motion, Probab. Theory 
Related Fields 111:3, 375-452 (1998). |MR1640799| |7^ 

[35] B. Tsirelson, Unitary Brownian motions are linearizable, 



Vi 


55, 


6|, 91 





[36] B. Tsirelson, Noise sensitiv ity on continuous products: an answer to an 
old question of J. Feldman, |ai^iv:math.PR/99070lKdl . 0, ||, |l|, 



119 



[37] B. Tsirelson, From random sets to continuous tensor products: answers to 
three questions of W. Arveson, arXiv:math.FA/0001070vl. 114 

[38] B. Tsirelson, Spectral densities describing off-white noises, 

|arXiv:math.FA/010402"7vl|. Ann . Inst. H. Poincare Probab. Statist., 38:6 
(2002), 1059-1069. |MR195535^ pTsj, pl6 



B. Tsirelson/Nonclassical flows and products 



123 



[39] B. Tsirelson, Non-isomorphic product systems, arXiv:niath.FA/0210457"v^ . 
In: Advances in Quantum Dynamics (eds. G. Price et al), Contemporary 
Mathematics 335, AMS, pp. 273-328 (2003). |MR2029632| [Note: the 
numbers of theorems, equations etc. refer to the arXiv version. In the AMS 
version they differ (because of a different M^^X style) as follows (arXiv/AMS): 
2.2/2.1; 2.4/2.3; 2.5/2.4; 2.6/2.5; 2.9/2.6; 5.3/5.3; 7.3/7.3; 8.5/8.1; 9.7/9.6; 
(9.11)/(29); (9.12)7(30); (9.13)/(31); 10.2/10.1; 10.3/10.2; 11.3/11.3; 13.10/13.5; 



13.11/13.6.] ^, |8|, |101|, |10£ 



111 



114, 115, lie, 117, Ui 



[40] B. Tsirelson, Scaling limit, noise, stability, arXiv:math.PR/0301237vl 



Lect. N otes in Math 1840 (St. Flour XXXII), Springer, BerUn, 1-106 
(2004). MR2079671 [Note: the numbers of subsections, theorems etc. refer to 
the arXiv version. In the Springer version they differ (because of a different 
MJ)K style) as follows (arXiv/Springer). Subsections: la/1.1; 5b/5.2; 6b/6.2; 
7d/7.4; 8b/8.2; 8d/8.4. Theorems etc.: ldl/1.9; (3d3)/(3.11); 3d6/3.20; 
3dll/3.25; 3dl2/3.26; 3e3/3.28; 5b4/5.5; 5b5/5.6; 5bll/5.10; 6a3/6.2; 6a4/6.3; 
6bl/6.6]_6b2/6_^ .^; 6bl2/6.]2i 6£4/6T8;_6c7_/6.2Jj_8a4^ 8a2/8.2; 8d3/8.8." 




[41] B. Tsirelson, On automorphisms of type II Arveson systems {probabilistic 
approach), |arXiv:math.OA/041106"2vl|. [To^ 



[42] B.S. Tsirelson and A.M. Vershik, Examples of nonlinear continuous 

tensor products of measure spaces and non-Fock factorizations. Reviews in 
Mathematical Physics 10:1, 81-145 (1998). |MR1606855| |, |7[ |33[|6[ H 



HE 



[43] J. Warren, On the joining of sticky Brownian motion. Lecture Notes in 
Math. 1709 (Se minaire de P robabilites XXXIII), Springer, Berlin, 



257-266 (1999). |MR1767999 



[44] J. Warren, Splitting: Tanaka's SDE revisited, |arXiv:math.PR/9911115vl 



[45] J. Warren, The noise made by a Poisson snake. Electronic Journal of 
Probability 7:21, 1-21 (2002). |MR1943894| |i^, |^ 



[46] J. Warren and S. Watanabe. On spectra of noises associated with Harris 
flows, arXiv:math.PR/0307287vl . Advanced Studies i n Pu re Mathematics 
41, 351-373 (2004). |MR20837"T9r ^ ^ |69|, |l05|, |l06|, 



[47] S. Watanabe, Stochastic flow and noise associated with the Tanaka 

stochastic differential equation, Ukrainian Math. J. 52:9, 1346-1365 (2001) 
(transl). |MR181693l| 0, |l04 



[48] S. Watanabe, A simple example of black noise. Bull. Sci. Math. 125:6/7, 
605-622 (2001). [MR1869993| It^ 



B. Tsirelson/Nonclassical flows and products 



124 



[49] M. Yor, Tsirel'son's equation in discrete time, Probability Theory and 
Related Fields 91:2, 135-152 (1992). |MR1147613| 

[50] K. Yosida, On Brownian motion in a homogeneous Riemannian space, 
Pacific J. Math. 2, 263-270 (1952). |N/IR0050817| || 



[51] J. Zacharias, Continuous tensor products and Arveson's spectral 
C* -algebras Memoirs Amer. Math. Soc. 143 (680), 118 pp (2000). 
MR1643205I ||, ||, H 



Index 



adapted to a continuous product, |38| 
afEne, ^ 

algebraic product system, ft 7] 
Arveson system, 

of type I,LLIII, ^ 
automorphism, EOl 

barcode, |ll^ 
black noise, |69| 
Borel semigroup, ^ 

chaos spaces, ^ 
classical (part of) 

continuous product 

of Hilbert spaces, ^ 

of probability spaces, Bq, bd 

homogeneous continuous product 
of Hilbert spaces, 

noise, |36| , 
composition 

of S-kernels^ 

of S-maps, 74 
continuous in nmbability 

S-kerneL_B4 

S-map, 
continuous product 

of Hilbert spaces, p9| 

of measure classes7¥l2, 

of pointed Hilbert spaces, 

of probability spaces, 
convolution 

for S-maps, [t^ 
convolution semigroufL 
convolution svstern. 2^ 

of S-kernelsj8( 

of S-maps, [Zq 
coupling, see joining 
cyclic time, M 

decomposable 

Arveso n sy stem. 

vector, p6 
disjoint union, io| 



distribution 

of S-map, 
downward continuity 

for Hilbert spaces, 

for pointed Hilbert sp a,ces . ^ 

for probability spaces, Eq 

embedding 

of continuous products, 
of Hilbert spaces, 
of pointed Hilbert spaces, ^ 

factored probability space (Feldman), 
factorizing 

measurable st ructu re. [4]| 

measu re ty pe. 1031 



117 



FHS i 
flow, 

flow system , |22| 
Fock space, H 

homogeneous continuous product 
of Hilbert spaces, [45 
of probability spaces, |25| 

independent 

sub-(T-fields on a measure class, 
isomorphic joinings 

of continuous products 

of pointed Hilbert spaces, p9 
of probability spaces, |3l| 
isomorphism 

of continuous products 

of Hilbert spaces, ^ ^ ^ 

of probability spaces, 
of flow systems, 
of probability spaces, EC 



113 



30 



jommg 

of continuous products 

of pointed Hilbert sp; 

of probability spac es. | 31| 
of probability spaces, |32| 




B. Tsirelson/Nonclassical flows and products 



125 



kernel, 



local 



cont. prod, of (pointed) Hilbert 

spaces, ^ 
homogeneous continuous product, 

maximal correlation, ^ 

for Hilbert spaces, p9^ 

for probability spaces, jjl] 
measurable 

S-kerneL-gJa 

S-map, 7^ 

action, 25[ 

family of Hilbert spaces, Wll 

struct ure^MH 
measure class, |ll2| 
moments of S-kernels, pl| 
morphism 

of continuous products 
of probability spaces, ^ 

of noises, pil 

of probability spaces, ^ 

noise, |25| 

of splitting, |l 4.| 
of stickiness niq 




percolation (noise of?), 120 
pointed Hilber t sp ares. 5^ 
Poisson snake, hfl 

predictable (noise;^:ont. prod, of prob. 

spaces), hy^ 
predictable representation property, ^ 
product system, 
projection-valued measure, 101 

question, 

quotient space 

random dense countable set, see set. 
random variables 

uncountable families, Gil 

self-joining 

of continuous produ cts 
of Hilbert spaces, 
of probability spares. pl| 

symmetric, Bll pSl 
sensitive random variable, ^ 
separable 

convolution system, ^ 
set, random dense, 
S-kernel, BOl 

SLE as a Brownian motion, 63 
S-map, 173 




snake, ^ 
spectral measure 

of a stationary Gaussian pr ore.* 

over a n oise or cont. prod., |lO^ 
spectral sets, |lO^ 
stable 

random variable. |35| 

sub-(T-field, |35| 
standard 

measurable family,^ 

measurable space, 

probabilitvspace, 
stochastic flow, H 
symmetric 

self-joining, |3l| ^ 

temporal contini 
tensor pn 
theorem 

T 

topo-semigroup 
type 1, 11, 1 11 

unit 

of a cont. prod, of Hilb ert spaces, 

of Arveson svstem. pT] 
unitary operator, |39| 
upward continuity 

for Hilbert spaces, 

for pointed Hilbert spaces, fed 

for probability spaces, ^ 

(ap,/3p), self-joining 

for pointed Hilbert spaces, 69 

for probability spaces, 
(ai_,/3l_), self-joining. ^ 
Comp(R), space, 101 
Exp (over cont. products), ^ 

^stable _ sub-cr-field 

for probability jSp ar.es. ps] 
sub-(T-field, 
Gs,t, Gaussian suh spa.ce. 115 
W^^^ , subspace, 63 
subspace, 63 
Hn, subspace 

for pointed Hilbert sp; 
for probability spaces, 
Hn{s,t), subspace 

for pointed Hilbert sp; 
for probability spaces, 
Lo, space, ^ — ^ 
L2{M), space, [11 
Log (over cont. produci 
igi (for Hilbert spaces 



115 



® (for Sub-(T-| 
ViB), space, JsO 
T, operator, [i 



ds). 




B. Tsirelson/Nonclassical flows and products 



126 



T, operator, ^ 
V , operator 

for probability spaces, ^ 
C/f (, operator 



for pointed Hilbert spaces, 
for probability spaces, pO| 

uH„, subspace, ^ 

uExp, p3l 



